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1
CHAPTER 1
INTRODUCTION

1.1 Background
The use of skewed bridges has increased considerably in the recent years
for highways in large urban areas to meet several requirements, including natural
or

man-made

obstacles,

complex

intersections,

space

limitations,

or

mountainous terrain. Skewed bridge is characterized by skewed angle, which is
defined as the angle between the normal to the centerline of the bridge and the
centerline of the abutment. According to the 2001 data base, “Recording and
Coding Guide for the Structure Inventory and Appraisal of the Nation’s Bridges”
(Report No. FHWA-PD-96-001), Michigan State has almost 33.48% of all its
bridges skewed with the skew angle ranging from 1º to 85º (1º~10º:6.7%,
11º~20º: 8.7%, 21º~30º: 8.2%, 31º~40º: 4.5%, 41º~50º: 3.9%, 51º~60º:1.1%,
61º~70º: 0.3%, 71º~80º: 0.04%, 81º~90º: 0.02%). On the other hand, the
AASHTO Standard Specifications for Highway Bridges (2002) does not account
for the effect of skew. For many decades, skewed bridges were analyzed and
designed in the same way as straight ones regardless of the skew angle. One
example is the load distribution factor. Until recently, the load distribution factor
for a skewed bridge was simply determined by the expression s / 7 for a single
lane loaded or s / 5.5 for two or more lanes loaded bridges, in which s is the
girder spacing. In this expression, no effect of skew is considered.
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Nevertheless, there exists several literature (e.g. Menassa et al. (2007),
Bishara et. al. (1993)) indicating the mechanical behavior of skewed bridges
being quite different from their straight counterparts. These efforts indicated that
the existing AASHTO codes fail to reliably model and predict skewed bridge
member behaviors including maximum bending moment at the center of bridge
and shear force at the obtuse corner. These past researchers have used
numerical analysis such as finite element analysis (FEA). In this thesis, along
with the FEA an analytical solution which has not been reported in the literatures
is also presented. The advantages of this proposed method in reducing
computation time and its routine application was also the focus of this research.
In this study, on developing an analytical solution, skewed bridges are
considered as the assemblage of isolated skewed thick plates and supporting
beams. First of all, the analytical solution for isolated skewed thick plates are
derived. Then, the analytical solution for skewed bridges are derived by
integrating the analytical solutions of isolated skewed thick plates along with the
stiffness effects of the supporting beams as in Figure 1.1. Not only the analytical
solution for skewed bridges but also the analytical solution for skewed thick
plates has not been developed in the past and therefore both of them are
described in detail in Chapter 5.

3

Integration

Figure. 1.1. Skewed bridge as the assemblage of skewed plates and supporting
beams

It should also be noted that the recently mandated AASHTO LRFD Bridge
Design Specifications (2007) includes provisions considering skew, but within
certain ranges of design parameters, such as the skew angle, span length, etc.
These ranges are often too narrow and thus frequently exceeded in routine
design. When this situation occurs, refined analysis is required by the
specifications, which mostly likely would be a numerical analysis such as FEA.
Unfortunately many bridge design engineers are not familiar or adequately
proficient with these analysis methods. The analytical method developed in this
research will help these engineers because it requires only the dimension of the
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skewed bridges, whereas, pre-processing and post-processing in FEA is not
required.
In addition, equations in the latest codes were developed by the
regression of grillage analysis with several assumptions. For example, girder was
assumed to be simply supported. However, there exist a number of bridges
which does not satisfy these assumptions and this discrepancy may result in
significant under-prediction or over-prediction in the mechanical behavior of the
member. Thus, it is essential to establish the reliable model to increase the
safety and reduce the cost.

1.2 Research objective
• Develop the FEA model to evaluate the effect of various parameters such
as skew angle on the behavior of skewed bridges.
• Test a real skewed bridge to understand its behavior of skewed bridges
and use the results for calibration and validation of the FEA model.
• Develop an analytical model of skewed bridges to gain deeper insight than
the existing numerical models and to offer an easier design method to the
bridge engineers.

1.3 Research approach
To accomplish above objectives, the following tasks are carried out:
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1. Field testing
The field testing was conducted at the bridge "S02 of 82191" located at
Woodruff road over I-75 and M-85 in the summer of 2009. The field testing had
two main purposes. The first purpose was to understand the effect of skewed
angle on the behavior of skewed bridges by strain measurement. The second
purpose was to provide measurement data for the validation and calibration of
the finite element modeling, so that the numerical analysis method can be
reliably used to understand the behavior of a larger number of generic skewed
bridges.

2. FEA
Finite element models of the skewed bridge is developed and calibrated
using the field measurement results of the skewed bridge. The disadvantage of
the physical measurement is that it can only be performed on a limited number of
structures and at a limited number of perceived critical locations, whereas, FEA
model clarifies the behavior at the arbitrary location with high accuracy. Using the
calibrated FEA model, generic bridge analysis with various skewed angles, beam
spacings, and span lengths is conducted to clarify how these parameters affect
the behavior of skewed bridges.

3. Analytical method
As described earlier, the analytical solution for the skewed bridges are
considered to be the integration of the analytical solution for isolated skewed
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thick plates and supporting beams. To derive the analytical solution for skewed
thick plates, a governing equation is newly developed as a sixth order partial
differential equation and is solved as the sum of polynomial and trigonometric
functions. After deriving the solution, they are connected by the continuity at the
common edges, by taking into consideration the stiffness of the supporting
beams to derive the analytical solution. Finally, the solution is compared to the
existing AASHTO code and FEA results.

1.4 Organization of dissertation
This dissertation, along with this introduction chapter, has eight chapters.
A brief literature review is presented in Chapter 2. Section 2.1 briefly presents the
state of art and practice related to skewed bridges. Almost all of these up to date
research employed numerical and experimental analysis to analyze the skewed
bridges and did regression analysis to find the effect of parameters on the
behavior of skewed bridges. In this research, analytical approach is newly
developed in addition to numerical and experimental approach. Section 2.2
shows existing research devoted to analyze skewed thick plates. Like the
research conducted on skewed bridges, past researchers have used only
numerical analysis to understand the behavior. In this thesis, along with the
numerical solution an analytical solution which has not been reported in the
literatures is presented.
Chapter 3 focuses on the field measurement of skewed bridge behavior.
After an overview in Section 3.1, detailed information about the testing skewed
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bridge is provided in Section 3.2. Section 3.3 shows the test setup and procedure
along with the test results of dead and live load tests.
Chapter 4 presents calibration and simulation results of the skewed bridge
behavior using FEA. Section 4.1 provides the overview of the chapter and
Section 4.2 shows FEA model used in this thesis. Section 4.3 presents
calibration and simulation results along with the measurement results shown in
Chapter 3. It is shown that the results derived from the FEA model fits the
measurement results very well. Then, the summary is provided in Section 4.4.
Chapter 5 focuses on the generic bridge analysis. Where 18 cases of
simple span generic bridges typical in Michigan are modeled by the calibrated
FEA are analyzed. Section 5.1 shows the overview of the chapter and then
Section 5.2 provides parameters and dimensions for the generic bridge. Skew
angle, beam spacing, and span length are chosen as the parameters. In addition
to these parameters, the effect of boundary condition, diaphragms are discussed.
Section 5.3 shows the results of the generic bridge analysis with the results from
AASHTO LRFD specification and the summary is shown in Section 5.4.
In Chapter 6, analytical solution for the skewed thick plate is developed. It
starts with an overview of the subject in section 6.1. Section 6.2 introduces
Kirchhoff theory and Reissner-Mindlin theory, which are suitable for the thin plate
analysis and the thick plate analysis, respectively. Next, the concept of oblique
coordinate system is introduced and relationship to rectangular coordinate
system is shown in Section 6.3. Then, the governing differential equation of
skewed thick plates bending based on the Reissner-Mindlin theory in the oblique
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coordinate system is developed in Section 6.4 and then it is solved using a sum
of polynomial and trigonometric functions in Section 6.5. Section 6.6 provides the
results and they are compared to those in literature derived from numerical
method. Finally, Section 6.7 has the summary of this chapter.
Chapter 7 analyzes the behavior of the skewed bridges based on the
analytical solution for the skewed thick plates. After the overview is presented in
Section 7.1, the analytical solution for skewed bridges is developed by using
continuity between the skewed plates in Section 7.2. In Section 7.3, the generic
bridge discussed in Chapter 5 is analyzed and compared to the results derived
by FEA. Then, discussion and summary are given in Section 7.4.
Chapter 8 summarizes the findings and contributions of this study, and
also gives suggestions for possible future research relevant to skewed bridge
behavior.
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CHAPTER 2

LITERATURE REVIEW

Skewed bridges are necessary to cross roadways or waterways with an
angle other than 90 degrees. They are often characterized by the skewed angle,
defined as the angle between the normal to the bridge centerline and the support
(abutment or pier) centerline. Section 2.1 briefly presents the state of art and
practice related to skewed bridges. Almost all of these researchers have
employed numerical and experimental analysis to analyze the skewed bridges
and did regression analysis to find the effect of parameters on the behavior of
skewed bridges.
In addition to the numerical and experimental approaches, an analytical
approach is developed in this research. The analytical solution for skewed
bridges is derived based on the analytical solution for skewed thick plates.
Section 2.2 shows the existing research which has been devoted to analyze
skewed thick plates. Currently there exists only numerical method such as FEA
and boundary element analysis to analyze skewed thick plates and significant
difference between these numerical research were reported. For example,
deflection values at the center of a skewed plate derived by one research is twice
as that of another research. Analytical (series) solution developed in this
research is expected to make a breakthrough in solving this problem.
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2.1 Skewed bridges
The state of the art in this area shows that FEA and experimental analysis
are most commonly employed to clarify the mechanical behavior of skewed
bridges. In this section, nine literatures are reviewed and presented.
Menassa et al. (2007) presented the effect of skew angle, span length,
and number of lanes on simple-span reinforced concrete slab bridges using FEA.
Figure 2.1 shows the finite element model used in this research.

Figure 2.1 Finite-element model for a 36 ft span,two-lane bridge, with
30°skewness. (taken from Menassa et. al. (2007))

The result was compared with relevant provisions in the AASHTO standard
specifications (2002) and the AASHTO LRFD specifications (2004). Ninety six
different cases were analyzed subjected to the AASHTO HS20 truck. It was
found that the AASHTO standard specifications (2002) overestimated the
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maximum moment for beam design by 20%, 50%, and 100% for 30, 40, and 50
degrees of skew, respectively. Similar results of over-estimation were also
observed for the LRFD specifications (2004) - up to 40% for less than 30 degree
and 50% for 50 degree skew. The researchers therefore recommended to
conduct three dimensional FEA for design instead of using the AASHTO
provisions for skew angles greater than 20 degrees.
Bishara et al. (1993) presented girder distribution factor expressions as
functions of several parameters (span length, span width, and skew angle) for
wheel-loads distributed to the interior and exterior composite girders supporting
concrete deck for medium length bridges. These expressions were determined
using FEA results of 36 bridges with 9' spacing of girders and different spans (75’,
100’, and 125’), widths (39’, 57’, and 66’), and skew angles (0º, 20º, 40º, and 60º).
To validate this FEA model, a bridge of 137’ length was tested in the field. From
their analysis, it was concluded that a large skew angle reduces the distribution
factor for moment and AASHTO specifications overestimated it.
Ebeido and Kennedy (1996A, 1996B) conducted a sensitivity analysis
using FEA, calibrated by physical testing of three simply supported bridge
models which have two spans in the laboratory, one straight and the other two
with 45° skew. The bridge length is 3.66m to 4.27m, thickness of the deck is
51mm, bridge width is 1.22m to 1.72m. After the calibration, more than 600
cases were analyzed using FEA to investigate the influence of parameters
affecting moment, shear, and reaction distribution factors. Empirical distribution
factors were thereby developed and recommended. It was concluded that a large
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skew angle increases the distribution factor for shear at the obtuse corner and
decreases the maximum bending moment. In addition, the result also claimed
that the more the bridge is skewed, the more the AASHTO specifications
overestimated the effect of truck for maximum moment, shear, and reaction.
These efforts indicated that the existing AASHTO codes fail to reliably
model and predict skewed bridge member behaviors including maximum bending
moment at the center of bridge and shear force at the obtuse corner.
NCHRP Report-592 (2007) was devoted to improve existing AASHTO
codes to incorporate the effect of skew. Grillage model shown in Figure 2.1 is
employed to analyze 1560 generic bridges with different skew angles, span
lengths, beam spacings, number of lanes, truck locations, barriers, type of
bridges, intermediate diaphragms, and end diaphragms.

(a)

(b)

Figure 2.2 Grillage model used in NCHRP Report 592. Figure (a) is the model
before applying truck load. It is observed that the grillage model has meshed in
parallel with the edge of the bridge. Figure (b) is the deformed shape after truck
load is applied to the model. (taken from NCHRP Report-592 (2007))
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Equations to predict the behavior is derived from the regression of results.
While this research is informative and meaningful, there still remain questions.
First of all, for skewed bridge, it is known that different grillage models in Figure
2.3 give completely different results (e.g. Surana and Agrawal (1998)). In the
grillage model of Figure 2.3 (a), transverse grid lines are in parallel with the edge
of the bridges, whereas, they are orthogonally placed in Figure 2.3 (b). According
to the literature, the grillage model of Figure 2.3 (a) will result in an overestimated maximum deflection and moment, the amount increasing with angle of
skew and that of Figure 2.3 (b) gives better solution. However, the grillage model
employed in this report shown in Fig. 2.2 is similar to Fig. 2.3 (a). Second, the
model does not consider the effect of bearings on the behavior. Only rigid
support is modeled in the report and rubber bearing support is not modeled.
However, we found in this research that reaction force of the bridge on the rigid
support is totally different from that on the rubber bearing support. It means that
the equation derived by this NCHRP report fails to predict the reaction force if the
bridge is supported by rubber bearings.
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Diaphragm Beam

(a) Skew or parallelogram mesh

(b) Mesh orthogonal to span

Figure 2.3 Grillages for skew bridges. The grillage model in Figure (a),
transverse grid lines are placed in parallel with the edge of the bridge, whereas,
they are placed orthogonally in Figure (b). (taken from
Surana and Agrawal (1998))

Helba and Kennedy (1995) conducted parametric studies of skewed
bridge which is subject to concentric and eccentric loading by FEA. They
determined the influencing parameter from analytical solution derived from
energy equilibrium condition. It was concluded that there are three parameters
which influence failure pattern of skewed bridges: (1) The geometry of the bridge
such as angle of skew, span length, the bridge aspect ratio, and continuity; (2)
loading conditions such as truck position and number of loaded lanes; (3) the
structural and material properties of the bridge components such as its main
girders or beams, transverse diaphragms, and the reinforced deck slab and their
connections, all of which determine the moments of resistance of the bridge in
the longitudinal and transverse directions.

15
Khaloo and Mizabozorg (2003) analyzed simply supported bridges
consisting of five I-section concrete girders by the commercial FEA package
ANSYS. Beam element and shell element were used to model girders and slab,
respectively. Parametric study was conducted by determining several influencing
factors (span length, girder spacing, skew angle).
Huang et. al. (2004) developed finite FEA model of the composite bridge
(concrete deck and steel plate girder) whose skew angle was 60 º and validated
it by the field test data. In the FEM model, the concrete slab and the longitudinal
steel girders were modeled using four-node three dimensional elastic shell
elements and two-node three-dimensional elastic beam elements with six
degrees of freedom at each node, respectively.
The combination of beam and shell element shown in the above two
researches has the benefit that its computational cost is cheap, however, it
cannot model the bridge in detail. For example, the vertical location of the
diaphragms and supporting bearing cannot be determined. To overcome this, in
this thesis the skewed bridge was modeled by the solid element at the expense
of computational cost.
Komatsu et. al. (1971) attempted to analyze the behavior of skewed box
girder bridges by Reduction method. Reduction method is one of the numerical
analysis technique which divides the whole structure into multiple “bar element”.
The computational cost of the Reduction method is much lower than finite
element method; however, it is impossible to model the bridge in detail by this
method. This method was validated by testing the model skewed bridge applied
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to eccentric load. They proposed four influencing factor (skew angle, aspect ratio,
EI/GJ, and loading condition) and evaluated them by their model.
From these previous researches, it is reasonable to say that most of the
work about skewed bridges has been performed on numerical (typified by FEM)
and experimental analysis. Meanwhile, in addition to FEA and experimental
analysis, this thesis presents an effort to develop an analytical solution to gain
deeper insight, which has not been reported in the literature.

2.2 Skewed thick plates
Skewed plates are important structural elements which are used in a wide
range of applications including skewed bridges. In the past decades there have
been efforts to analytically investigate the behavior of skewed plates, in spite of
the mathematical challenges involved.
Morley (1962, 1963) presented relationships between the rectangular and
oblique coordinate systems for load responses in skewed plates. This work was
started with a governing equation for isotropic skewed thin plates. The governing
equation was analytically solved using a trigonometric series and numerically by
using the finite difference method. In deriving the governing equation, the
Kirchhoff theory was applied which assumes that straight lines perpendicular to
the mid-surface (i.e., the transverse normals) remain straight and normal to the
mid-surface after deformation. Furthermore, it is assumed that the mid-surface
does not deform. The Kirchhoff theory is widely used in plate analysis, but suffers
from under-predicting deflections when the thickness-to-side ratio exceeds 1/20
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because it neglects the effect of the transverse shear deformation (e.g., Reddy
2007).
To address this issue, the Reissner-Mindlin theory was developed by
Reissner (1945) and Mindlin (1951). It relaxes the perpendicular restriction for
the transverse normals and allows them to have arbitrary but constant rotation to
account for the effect of transverse shear deformation. Note that the relationship
between the Kichhoff and Reissner-Mindlin theories for plates is analogical to
that between the Bernoulli-Euler and Timoshenko theories for beams.
Several numerical studies on skewed plates employed the ReissnerMindlin theory for analysis and are worth mentioning. For example, Sengupta
(1991, 1995) analyzed isotropic skewed plates using FEA, with two types of
Reissner-Mindlin triangular plate elements proposed. The paper presented
numerical results for different skew angles and support conditions to illustrate the
effectiveness of the proposed elements. However, only skewed thin plate
problems were included in the paper.
Ramesh et al. (2008) presented results for the thick plate problem of
various shapes with skew using the FEM and a higher-order Reissner-Mindlin
triangular plate element. It was concluded that this element can predict the stress
distribution better than the most commonly used lower-order plate element
because stress resultants involve higher-order derivatives of the displacements.
Besides FEA, several numerical methods were employed to analyze the
skewed plates, including finite strip method (e.g. Brown and Ghali (1978), Tham
et. al. (1986), Wang and Hsu (1994)), boundary element method (e.g. Dong et. al.
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(2004)), finite difference method (e.g. Timoshenko and Woinowsky-Krieger
(1959), Morley (1963)), Rayleigh-Ritz method (e.g. Saadatpour (2002), Nagino et.
al. (2010)), and differential quadrature method (e.g. Bellman (1973), Liew and
Han (1997), Malekzadeh and Karami (2006)).
For example, Liew and Han (1997) present the bending analysis of a
simply supported, thick skew plate based on the Reissner-Mindlin theory. Using
the geometric transformation, the governing differential equations and boundary
conditions of the plate are first transformed from the physical domain into a unit
square computational domain. A set of linear algebraic equations is then derived
from the transformed differential equations via the differential quadrature method,
and the solutions are obtained by solving the set of algebraic equations. The
applicability, accuracy, and convergent properties of the differential quadrature
method for bending analysis of simply supported skew plates are examined for
various skew angles and plate thicknesses. Some of their numerical results are
also used later in this thesis for comparison.
Despite these numerical solutions, no analytical or exact solutions have
been reported in the literature for skewed thick plates. This thesis will report such
a solution in Chapter 6. First, a governing differential equation based on the
Reissner-Mindlin theory in the oblique coordinate system is developed and then it
is solved using a sum of polynomial and trigonometric functions. The present
method allows anisotropic materials, various loading conditions, and different
boundary conditions.
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After developing the analytical solution for skewed thick plates, the
analytical solution for skewed thick plates continuous in both directions in the
plane is developed. This is pursued there for application to skewed composite
beam bridges by integrating solutions of isolated skewed thick plates derived. It
is to be noted that beam bridges occupy the largest percentage of all bridges in
many countries.
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CHAPTER 3
SKEWED BRIDGE MEASUREMENT

3.1 Overview
As described in previous chapters, there are characteristic differences in
the behavior of skewed bridges when compared to straight decks. In order to
observe the behavior of the skewed bridges under the dead load and live load,
field testings were designed in this research for physical measurement of
interested quantities. The field testing had two main purposes:
1) To understand the effect of skew angle on the behavior of the skewed
bridges by measurement.
2) To provide measurement data for the calibration of finite element
modeling, so that the numerical analysis method can be reliably used to
understand the behaviors of a larger number of generic skewed bridges.
Relatively, the second purpose is more emphasized here, because field
instrumentation and testing of many bridges can be prohibitively expensive, and
calibrated numerical modeling and analysis using the FEA is the viable approach
to understanding the behaviors of generic skewed bridges with different skew
angle, span length, and beam spacing.

3.2 Tested bridge
The field testing was conducted at the bridge S02 of 82191 in the summer
of 2009. The bridge is on Woodruff road over I-75 and M-85, and referred to as
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Woodruff bridge hereafter in this report. The Woodruff bridge has a steel I-beam
superstructure supporting a 9” concrete deck. The Woodruff bridge provides two
lanes for west and east traffic with a skew angle of 32.5°. The steel
superstructure consists of 6 beams spaced at 9’-9”, and two beams of only one
span at the west end (Span 1) was instrumented, which has a span length of 99’-

2'-4"

2”. The following Figure. 3.1 shows the plan view of the deck plane.
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5 @ 9'-9"= 48'-9"
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S1
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E

57°32'40"

2'-4"

F

99'-2"

Figure 3.1 Deck and girders of the Woodruff bridge (S02-82191) span 1
and instrumentation

Field test was conducted twice to measure the different load effects. First
test was conducted when concrete was poured to span 1 (5/29/2009) to measure
the dead load effect. Then, next test was conducted to measure the live load
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effect by loading two trucks on the deck on 6/11/2009, when the age of the
concrete was 13 days.
Results from this experiment program were also used in the calibration of
finite element modeling for skew bridges typical in Michigan, along with their
straight counterparts. More details and the results of these cases are included in
Chapter 4.

3.3 Measurement
3.3.1 Instrumentation
In the measurement, strain transducers shown in Figure 3.2 were
employed to measure the strain. The strain transducers have an advantage that
less field operation time to clean the surface is required than the strain gage.
Strains were recorded using an Invocon wireless data acquisition system, as
shown in Figure 3.3. The reason for the use of this system for load-induced
strains is that the Invocon system offers a much higher resolution than other
system.
The Woodruff bridge was instrumented with 4 separate strain transducers
on the bottom flange at the location S1 and S2 in Figure 3.1 and with 6 separate
strain transducers on the web at the location S2 and S3 in Figure 3.1.
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Figure 3.2 Strain transducer used in Woodruff bridge

Figure 3.3 Radio-based Invocon Strain Data Acquisition System

The locations were selected to obtain the maximum possible strain
response to dead load and truck load. The following Figures 3.4 to 3.7 have the
detailed information including the name of the strain transducers and Figures 3.8
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and 3.9 show the photo of the strain transducers on flange and web, respectively.
Along with the strain data, air temperature under the bridge was measured to
estimate the temperature effect on the strain.

N

West edge of the girder

49'-6"

S1 north

S1 south

Figure 3.4 Strain transducers arrangement at location S1 on the bottom flange

West edge of the girder
N

37'-6"

S2 north

S2 south

Figure 3.5 Strain transducers arrangement at location S2 on the bottom flange
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S2 web diagonal
S2 web vertical

S2 web transverse

1'-9"

3'-6"
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37'-6"

Figure 3.6 Strain transducers arrangement at location S2 on the web

S3 web diagonal

3'-6"

S3 web transverse

S3 web vertical

2'

1'-9"

CL

Figure 3.7 Strain transducers arrangement at location S3 on the bottom flange
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Figure 3.8 Strain transducers arrangement on the bottom flange

Figure 3.9 Strain transducers arrangement on the web
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3.3.2 Dead load
To understand the dead load effect, strain data was collected during
concrete was poured to span 1. In this section, the results for transducers “S1
south”, “S2 south”, “S2 web diagonal”, “S3 diagonal” are shown because other
transducers were designed for measuring live load effect or were instrumented
for backup in case the strain transducers did not work well. Figures 3.10 to 3.17
show the strain results (positive: tension, negative: compression) and Figure 3.18
shows air temperature result. The horizontal axis indicates the time and the
vertical axis indicates strain for Figures 3.10 to 3.17 and temperature for Figure
3.18. In the graph, "0 min" is when the concrete pouring starts. Data is collected
not only after concrete is poured but also before the concrete is poured and they
are also shown in the graph as the negative time.
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Figure 3.10 Strains of "S1 south" in the Woodruff bridge due to poured concrete
(~100 min)
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Figure 3.11 Strains of "S1 south" in the Woodruff bridge due to poured concrete
(120 min~)
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Figure 3.12 Strains of "S2 south" in the Woodruff bridge due to poured concrete
(~100 min)
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Figure 3.13 Strains of "S2 south" in the Woodruff bridge due to poured concrete
(120 min~)
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Figure 3.14 Strains of "S2 web diagonal" in the Woodruff bridge due to poured
concrete (~100 min)
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Figure 3.15 Strains of "S2 web diagonal" in the Woodruff bridge due to poured
concrete (120 min~)
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Figure 3.16 Strains of "S3 web diagonal" in the Woodruff bridge due to poured
concrete (~100 min)
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Figure 3.17 Strains of "S3 web diagonal" in the Woodruff bridge due to poured
concrete (120 min~)
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Figure 3.18 Air temperature under the Woodruff bridge

There are two figures for one strain transducers (e.g. Figure 3.10 and
3.11), one is from -60 min to 105 min and another is from 120 min. This is
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because data collecting system became wrong at 105 min in the graph.
Therefore the first graph is stopped at 105 min and second graph starts from 120
min, which is the time when the system restarts. This does not work against for
calibration process shown in Chapter 4.
These results show that compression was observed before concrete was
poured. It is considered that this compression was due to temperature effect. It is
found that the temperature effect is not negligible compared to dead load effect.
For example, from Figure 3.12, around 60 microstrain compression due to
temperature decrease from -60 min to 0min was observed, while tensile strain
due to poured concrete observed from 10 min to 100 min was 80 microstrain.
To understand the temperature effect, temperature measurement shown
in Figure 3.18 is a good reference. Significant temperature decrease was
observed before concrete was poured and it coincides with the observed
compressive strain. However, it should be noted that temperature on the girder
may be different from the air temperature because heat is transferred to girder
from the poured concrete. Therefore, it is difficult to analyze the temperature
effect precisely from the measured air temperature alone. To measure the
temperature on the girder, temperature gauge should be directly attached to the
girder and this may be the future task.

3.3.3 Live load
In addition to measuring the dead load effect by the concrete deck, truck
load testing was carried out to determine the girder’s strain response to truck
wheel loading. Test readings were taken with the truck load on and off the
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structure to obtain the load response for each strain transducer. One or two
trucks were driven to the center of the bridge or over the bridge to maximize the
strain due to bending, torsion, and shear on the girder, where the strain
transducers were embedded. Figure 3.19 shows the trucks with 3-axles used to
load the Woodruff bridge deck. There are two trucks as in Figure 3.19, left truck
is referred to as “white truck” and the right truck is referred to as “red truck”
hereafter in this report.

Figure 3.19 3-axle trucks loading Woodruff bridge deck

Before loading, the axle weights and spacings were measured and
recorded to be used in the FEA. The axle weights of red truck were 12160,
19750 and 19750 lbs, and the corresponding axle spacings were 14 ft 9 in and 4
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ft 4 in. The axle weights of white truck were 16900, 16040 and 16040 lbs, and the
corresponding axle spacings were 13 ft 5 in and 5 ft. This information is
summarized in Figure 3.20.

19750 lb 19750 lb

12160 lb

red truck
4'-4"

6'-9"

14'-9"

16040 lb 16040 lb

16900 lb

white truck
5'

6'-9"

13'-5"

Figure 3.20 3-axle trucks loaded on the Woodruff bridge
In this test, the result for transducers “S1 north", “S1 south”, “S2 web
diagonal”, “S3 web diagonal” are shown. The results of “S2 north” and “S2 south”
are not shown in this report because the transducers didn’t work well.
Nevertheless, we have enough data to calibrate our FEA model. In this research,
five types of tests were done to maximize moment, torsion, and shear effect. The
test details and results are shown below:

Test 1
In this test, a truck (red truck) was driven over the span 1 from the west
end (of the bridge) to the east end. Figure 3.21 shows the vertical location of the
truck. This test was designed to maximize the moment effect of the bridge and
the strains of “S1 south” and “S1 north” were recorded. This test was repeated
four times and the results are shown in Figures 3.22 and 3.23.
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Figure 3.21 Pathway of the truck for test 1

70

Trial1
Trial2
Trial3
Trial4

60
50

M icrostrain

40
30
20
10
0
-10
-20

0

20

40

60

80

100

120

140

160

180

tim e (sec)

Figure 3.22 Strains of "S1 south" in the Woodruff bridge due to truck load in the
test 1
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Figure 3.23 Strains of "S1 north" in the Woodruff bridge due to truck load in the
test 1

It is shown that every test result was almost consistent, though small
differences were observed. This difference was caused by the difference of the
truck path. Though the truck was instructed to follow the same path, it is
impossible to follow exactly and may deviate from the path to north or south by 1
ft.

Test 2
In this test, both trucks were driven on the span 1 from the west end (end
of the bridge) to the east and they stopped 60 ft apart from the west end. First,
the white truck was driven to the center and then the red truck was driven after
the white truck stopped. Figure 3.24 shows the location where the two trucks
stopped. This test was also designed to maximize the moment effect of the
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bridge and the strains of “S1 south” and “S1 north” were recorded. This test was

2'-4"

repeated three times and the results are shown in Figures 3.25 and 3.26.
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Figure 3.24 The location of the trucks when they stopped in test 2
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Figure 3.25 Strains of "S1 south" in the Woodruff bridge due to truck load in the
test 2
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Figure 3.26 Strains of "S1 north" in the Woodruff bridge due to truck load in the
test 2

Only small differences were observed between each trial. Two steps are
seen and they are due to the first and second truck respectively. It is observed
that the red truck contributed the strain more because it was driven directly on
the girder C.

Test 3
In this test, the red truck was driven over the span 1 from the west end (of
the bridge) to the east end. Figure 3.27 shows the vertical location of the truck.
This test was designed to maximize the torsional effect of the girder C and the
strains of “S2 web diagonal” were recorded. This test was repeated four times
and the results are shown in Figure 3.28.
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Figure 3.27 Path of the truck in test 3

25

Trial1
Trial2
Trial3
Trial4

20

M icrostrain

15

10

5

0

-5

-10
-80

-60

-40

-20

0

20

40

60

80

100

120

140

160

180

tim e (sec)

Figure 3.28 Strains of "S2 web diagonal" in the Woodruff bridge due to truck load
in the test 3
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Test 4
In this test, both trucks were driven on the span 1 from the west end (of
the bridge) to the east and they stopped 60 ft apart from the west end. First, the
white truck was driven to the center and then the red truck was driven after the
white truck reached the center. Figure 3.29 shows the location where the two
trucks stopped. This test was also designed to maximize the torsional effect of
the bridge and the strains of “S2 web diagonal” were recorded. This test was

2'-4"

repeated three times and the results are shown in Figure 3.30.
N
A

S3
5 @ 9'-9"= 48'-9"

B

23'-8"
S2

33'-5"

C
red truck

D
white truck

E

60'
F
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S1

57°32'40"
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Figure 3.29 The location of the trucks when they stopped in test 4
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Figure 3.30 Strains of "S2 web diagonal" in the Woodruff bridge due to truck load
in the test 4

The white truck driven first contributed approximately 5 micro strain and
stopped around 100 sec. The white truck contributed less because its passway
was far from the girder C. Then, the red truck was driven and similar rise and fall
seen in test 3 were observed.

Test 5
In this test, both trucks were driven on the span 1 from the west end of the
obtuse corner of the bridge to the east. First, the red truck was driven and then
the white truck was driven after the red truck stopped. Figure 3.31 shows the
location where two trucks stopped. This test was designed to maximize the shear
effect of the bridge and the strains of “S3 web diagonal” were recorded. This test
was repeated three times and the results are shown in Figure 3.32.

2'-4"
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Figure 3.31 The location of the trucks when they stopped in test 5
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Figure 3.32 Strains of "S3 web diagonal" in the Woodruff bridge due to truck load
in the test 5
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Three significant steps are seen in Figure 3.32, from 0 microstrain to 10
microstrain, 10 microstrain to 22 microstrain, and 22 microstrain to 26 microstrain.
These three steps were due to the front axle of the red truck, rear axle of the red
truck and the white truck respectively. The red truck which was driven pretty
close to the edge beam contributed more.

3.4 Summary
This chapter has presented the procedure of field test to measure the
effect of poured concrete as dead load and truck load as live load on the
behavior of skewed bridges.
In the dead load testing, it was found that temperature effect is not
negligible compared to the dead load effect. The air temperature was measured
during the test, however, the temperature at the strain transducers on the girder
may be different from air temperature because the heat was transferred from the
poured concrete. To resolve this problem, it is required to put the temperature
gauge directly on the girder and this may be the future task.
In the live load testing, five types of field tests were done. Because the
measurement time of each test was very short (less than 3 min), temperature
effect was negligible for this test. All tests were repeated three or four times, and
consistent measurement results were obtained.
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These test data are used to calibrate and validate the FEA model in
chapter 4, and then used to analyze a bridge system as a whole.
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CHAPTER 4
FINITE ELEMENT MODELING AND ITS VALIDATION AND CALIBRATION

4.1 Overview
Physical measurement of skew bridge decks can be only performed on a
limited number of structures and at a limited number of perceived critical
locations. However, these measurements are important and can be used here to
calibrate numerical modeling of the measured structures to provide validation.
FEA is considered the most generally applicable and powerful tool for such
modeling. This chapter presents the developed finite element model first and
then presents the process and the results of validation and calibration using the
measured data from the Woodruff bridges.

4.2 FEA Modeling
GTSTRUDL, a 3-D FEA software program, was used in this study to
perform the analysis. This section presents the process and results for the
modeling and its validation using the measured data.

4.2.1 Selection of Modeling Elements
In this analysis covering dead load effect by the poured concrete and live
load effect by truck wheel load, the 3-D linear solid element IPLS of the
GTSTRUDL program was used for modeling the concrete deck, steel girder,
bearing, intermediate diaphragm, and end diaphragm. IPLS in GT-STRUDL is an

46
8-nodes iso-parametric solid brick element as shown in Figure 4.1. It is based on
linear interpolation and Gauss integration. The basic variables in the nodes of the
solid element are the translations ux, uy, and uz in the three orthogonal local
directions.

Figure 4.1 3-D solid element IPLS

4.2.2. Material property and behavior modeling
Finite element model of the Woodruff bridge is divided into 5 structural
elements, deck, girder, bearing, intermediate diaphragm, and end diaphragm.
Deck and end diaphragm are made of concrete, girder and intermediate
diaphragm are made of steel, and bearing is made of rubber. Detailed
information for each materials is shown in the following table.
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Table 4.1 Material properties used in this research
Young's modulus (ksi)

Poisson's ratio

Concrete

3757

0.2

Steel

29000

0.3

Rubber

11

0.4

Note that the Young's modulus of concrete Ec in the above table is derived from
the following equation (ACI section 8.5.1.).
Ec (psi) = 57000 f 'c (psi)
where f'c is the strength of the concrete and 4344 psi was used in this
research. The value was obtained from concrete cylinder compression test.

4.2.3 Finite element model of the Woodruff bridge
The following Figure 4.2 shows the finite element model of the Woodruff
bridge (isometric view) and Figure 4.3 shows the top view of the span 1. The
number of nodes and elements are 70969 and 44331 respectively. It was
observed that the mesh size of span 1 was finer than span 2 and 3, and span 4
was not modeled to reduce the computational cost. This will not affect the
measurement result of span 1 very much because the effect of span 2 and 3 on
the strain results of span 1 is limited and the effect of span 4 is negligible.
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Figure 4.2 Isometric view of FEA model of the Woodruff bridge

Figure 4.3 Top view of the span 1 of the Woodruff bridge

For illustration purposes, examples of contour plot for strain are shown in
Figure 4.4 to 4.6. Figure 4.4 shows the top view of the span 1, Figure 4.5 shows
the bottom flange at the midspan, and Figure 4.6 shows the lateral view at the
obtuse corner.
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Figure 4.4 Contour plot for strain of the span 1

Figure 4.5 Contour plot for strain of the botttom flange at midspan
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Figure 4.6 Contour plot for strain of the lateral view at the obtuse corner

4.3 Validation and calibration of finite element model using measured
responses

4.3.1 Validation and calibration
The validation and calibration have been performed on the dead load
effect and live load effect on the Woodruff bridge. Mesh convergence and how
structural member affects the behavior of bridges were examined here. In the
calibration, it was found that the existence of intermediate and end diaphragms
affect the strain measurement response to a great extent though several
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literature described that the effect of these diaphragms are limited (e.g. NCHRP
Report-592 (2007)). The reason for this discrepancy between our calibration and
literature is that diaphragms in the Woodruff bridge were quite large and stiff.
Intermediate diaphragm is shown in Figure 4.7. The depth of the intermediate
diaphragm is approximately 3/4 of the web depth, which is much deeper when
compared to ordinary bridges. Figure 4.8 shows the end diaphragm. As is
obvious from the figure, the end diaphragm of the Woodruff bridge is made of
concrete and entire cross section is fixed, while that of an ordinary bridge is
similar to intermediate diaphragm and it just connects the girders. Generally, end
condition of the ordinary bridge is treated as simply support condition, however,
that of the Woodruff bridge is very close to fix condition as is obvious from the
figure. This difference causes big difference in the behavior of bridge including
strain results.

Figure 4.7 Intermediate diaphragm of the Woodruff bridge
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Figure 4.8 End diaphragm of the Woodruff bridge

4.3.2 Dead load
Figures 4.9 to 4.16 show the comparison of the dead load effect results by
FEA using GTSTRUDL and measurement using the instrumentation presented in
the previous chapter for the Woodruff bridge. In the analysis, temperature effect
was not calculated because the air temperature alone was measured and the
temperature on the girder was not measured.
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Figure 4.9 Comparison for the dead load effect of the Woodruff bridge at S1
south (~100 min)
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Figure 4.10 Comparison for the dead load effect of the Woodruff bridge at S1
south (120 min~)
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Figure 4.11 Comparison for the dead load effect of the Woodruff bridge at S2
south (~100 min)
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Figure 4.12 Comparison for the dead load effect of the Woodruff bridge at S2
south (120 min~)
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Figure 4.13 Comparison for the dead load effect of the Woodruff bridge at S2
web diagonal (~100 min)
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Figure 4.14 Comparison for the dead load effect of the Woodruff bridge at S2
web diagonal (120 min~)
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Figure 4.15 Comparison for the dead load effect of the Woodruff bridge at S3
web diagonal (~100 min)
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Figure 4.16 Comparison for the dead load effect of the Woodruff bridge at S3
web diagonal (120 min~)
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From above figures, difference between FEA and measurement results is
observed. The reason for the difference is considered as the temperature effect
which is not included in the FEA results. This is supported by the fact that
measurement showed more compression than FEA. This is consistent with the
results that the air temperature kept decreasing during the test. When only the
dead load effect is considered by deducting the temperature effect, it can be said
that the trend of FEA results match the measurement results well and FEA model
is well calibrated. To analyze the temperature effect by FEA, temperature on the
girder should be measured and this will be the future work.

4.3.3 Live load
As in the previous chapter, five types of truck loading tests were done in
the field and FEA calibration/validation was conducted using GTSTRUDL for all
tests. Again, test 1 and 2 are for moment effect, test 3 and 4 are for torsional
effect, and test 5 is for shear effect. Figures 4.17 to 4.23 show the comparison of
the live load test results by FEA and measurement. It is shown that FEA results
agree very well with the measurement results of all tests. It is proved that our
FEA model can reasonably express the moment, torsion, and shear effect.
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Figure 4.17 Comparison for the live load effect of the Woodruff bridge at S1
south for test 1

Figure 4.18 Comparison for the live load effect of the Woodruff bridge at S1 north
for test 1
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Figure 4.19 Comparison for the live load effect of the Woodruff bridge at S1
south for test 2

Figure 4.20 Comparison for the live load effect of the Woodruff bridge at S1 north
for test 2
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Figure 4.21 Comparison for the live load effect of the Woodruff bridge at S2 web
diagonal for test 3

Figure 4.22 Comparison for the live load effect of the Woodruff bridge at S2 web
diagonal for test 4
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Figure 4.23 Comparison for the live load effect of the Woodruff bridge at S3
web diagonal for test 5

4.4 Summary
In this chapter, details of developed finite element model by GTSTRUDL
are described first. Material properties are decided from the experimental testing
data and mesh size is decided by checking the convergence. For every one of
the structural elements, 3-D solid element IPLS is employed to model the
Woodruff bridge in detail. From the calibration process, it is found that the
existence of intermediate and end diaphragms affect the strain measurement
response to a great extent because those of the Woodruff bridge are much larger
and stiffer than ordinary bridges.
Then, the FEA results are compared to measurement results of dead load
test and live load test. For dead load test, difference exists between FEA and
measurement results because measurement results include not only dead load
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effect but also temperature effect. When only the dead load effect is considered
by deducting the temperature effect, it can be said that the trend of FEA results
match the measurement results well and FEA model is well calibrated. For
temperature effect, temperature on the girder should be measured to consider it
in the FEA and this could be included in the future research. For live load test,
FEA results agree very well with the measurement results of all tests. It is proved
that our FEA model can express the moment, torsion, and shear effect well.
This developed FEA model is employed to conduct the generic bridge
analysis with changing several parameters (e.g. skew angle) in Chapter 5.
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CHAPTER 5
ANALYSIS OF GENERIC BRIDGE MODEL

5.1 Overview
In the previous chapter, our FEA model was well validated and calibrated
using measurement result for dead load and live load. In this chapter, 18 cases
of simple span bridges, typical in Michigan, is modeled and analyzed by FEA.
Moment distribution factor and shear distribution factor are derived for the
generic bridges and are compared to AASHTO LRFD code. Effect of diaphragms
and boundary condition on the load distribution factor is also mentioned.

In

section 5.2, parameters and dimensions for the generic bridge are provided.
Then, section 5.3 shows the results and discussion. Summary is provided in
section 5.4 at the end of this chapter.

5.2 Generic bridge model
Upon completion of the model validation in Chapter 4, the finite element
analysis (FEA) using GTSTRUDL was applied to 18 cases of simple span
composite bridges with six beams. To apply load on the deck, HL-93 loading was
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used to maximize the load effect. These cases included two superstructure
arrangements (steel and prestressed I-beams) with concrete deck. Table 5.1
shows the parameters (skew angle, beam spacing, and span length) used in this
research and all possible combinations of these parameters result in 18 cases.

Table 5.1 Parameters used in generic bridge analysis
Steel I-beam

Prestressed I-beam

Skew angle

0°, 30°, 50°

0°, 30°, 50°

Beam spacing

6', 10'

6'

Span length

120', 180'

60', 120'

Table 5.2 shows the material property of steel and concrete used in this
generic bridge analysis.

Table 5.2 Material properties of steel and concrete
Young's modulus (ksi)

Poisson's ratio

Steel

29000

0.3

Concrete

3600

0.17
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Cross sectional details of the girders of generic bridge are shown in Table
5.3 and 5.4. Dimensions of the steel beam and prestressed I-beam are designed
to satisfy the range of applicability of AASHTO LRFD specification. For every
generic bridges, deck thickness is 9 in.

Table 5.3 Cross section of generic steel bridge

0.5625"
0.5625"

bottom
flange
width
20"
20"

bottom
flange
thickness
0.875"
0.875"

56"

0.5625"

20"

0.875"

0.875"
0.875"
0.875"

84"
84"
81"

0.5625"
0.5625"
0.5625"

24"
24"
24"

1.25"
1.25"
1.25"

17"

0.875"

72"

0.5625"

20"

0.875"

120'-10'-30°

17"

0.875"

72"

0.5625"

20"

0.875"

120'-10'-50°

17"

0.875"

69"

0.5625"

20"

0.875"

180'-10'-0°

17"

0.875"

84"

0.5625"

30"

1.25"

180'-10'-30°

17"

0.875"

84"

0.5625"

30"

1.25"

180'-10'-50°

17"

0.875"

80"

0.5625"

30"

1.25"

Span-spacingskew

top flange
width

top flange
thickness

web
depth

web
thickness

120'-6'-0°
120'-6'-30°

17"
17"

0.875"
0.875"

60"
60"

120'-6'-50°

17"

0.875"

180'-6'-0°
180'-6'-30°
180'-6'-50°

17"
17"
17"

120'-10'-0°
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Table 5.4 Cross section of generic prestressed I-beam bridge
Span-spacingskew
60'-6'-0°
60'-6'-30°

Girder type
AASHTO PCI TYPE III
GIRDER

60'-6'-50°
120'-6'-0°
120'-6'-30°

AASHTO PCI TYPE V
GIRDER

120'-6'-50°

In order to check the effect of intermediate diaphragms on the behavior of
the bridges, generic bridges with and without intermediate diaphragms were also
analyzed and are compared in the following section. Cross section dimension of
the intermediate diaphragm is 24"×3/8" for steel bridges and 19"×12" for
prestressed concrete bridges. Figures 5.1 to 5.18 show the alignment of
intermediate diaphragms of the generic bridge for the different parameters listed
in Table 5.1.

Figure 5.1 Intermediate diaphragm alignment of steel bridge for
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span length = 120', beam spacing = 6', skew angle = 0°

Figure 5.2 Intermediate diaphragm alignment of steel bridge for
span length = 120', beam spacing = 10', skew angle = 0°

Figure 5.3 Intermediate diaphragm alignment of steel bridge for
span length = 180', beam spacing = 6', skew angle = 0°
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Figure 5.4 Intermediate diaphragm alignment of steel bridge for
span length = 180', beam spacing = 10', skew angle = 0°

5 SPA @ 6' = 30'

120'
30.0°

12'-8"

4 SPA @ 28' = 112'

12'-8"

Figure 5.5 Intermediate diaphragm alignment of steel bridge for
span length = 120', beam spacing = 6', skew angle = 30°

Figure 5.6 Intermediate diaphragm alignment of steel bridge for
span length = 120', beam spacing = 10', skew angle = 30°
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Figure 5.7 Intermediate diaphragm alignment of steel bridge for
span length = 180', beam spacing = 6', skew angle = 30°

Figure 5.8 Intermediate diaphragm alignment of steel bridge for
span length = 180', beam spacing = 10', skew angle = 30°

Figure 5.9 Intermediate diaphragm alignment of steel bridge for
span length = 120', beam spacing = 6', skew angle = 50°
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5 SPA @ 10' = 50'

120'

50.0°

33'-9 1/2"

4 SPA @ 28' = 112'

33'-9 1/2"

Figure 5.10 Intermediate diaphragm alignment of steel bridge for
span length = 120', beam spacing = 10', skew angle = 50°

Figure 5.11 Intermediate diaphragm alignment of steel bridge
for span length = 180', beam spacing = 6', skew angle = 50°
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Figure 5.12 Intermediate diaphragm alignment of steel bridge for
span length = 180', beam spacing = 10', skew angle = 50°

Figure 5.13 Intermediate diaphragm alignment of prestressed concrete bridge

5 SPA @ 6' = 30'

for span length = 60', beam spacing = 6', skew angle = 0°

Figure 5.14 Intermediate diaphragm alignment of prestressed concrete bridge for
span length = 60', beam spacing = 6', skew angle = 30°
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Figure 5.15 Intermediate diaphragm alignment of prestressed concrete bridge
for span length = 60', beam spacing = 6', skew angle = 50°

Figure 5.16 Intermediate diaphragm alignment of prestressed concrete bridge
for span length = 120', beam spacing = 6', skew angle = 0o
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Figure 5.17 Intermediate diaphragm alignment of prestressed concrete bridge

5 SPA @ 6' = 30'

for span length = 120', beam spacing = 6', skew angle = 30o

Figure 5.18 Intermediate diaphragm alignment of prestressed concrete bridge for
span length = 120', beam spacing = 6', skew angle = 50o

In addition to the intermediate diaphragm, the effect of end diaphragm and
bearings on the behavior of the skewed bridges were investigated. For this
purpose, the following three models were analyzed.
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1. The girders and deck are fixed by concrete end diaphragms like the Woodruff
bridge. At the bottom of the end diaphragms, translations and rotations in all
directions were constrained.
2. The girders are connected by typical steel end diaphragms. At the bottom of
the girders, the simply supported condition was modeled using no constraint to
the horizontal translations at one end of the span and by hinge at the other end
of the span that is constrained in all three orthogonal directions.
3. The girders are connected by typical steel end diaphragms. At the bottom of
the girders, elastomeric bearings are modeled and they are fixed at the bottom.
The elastomeric bearing is assumed to be a linear elastic material with Young's
modulus = 11 ksi and Poisson's Ratio = 0.4.
The above three end conditions are referred to as "Fixed end", "SS end",
and "Bearing end" respectively. To focus on the parameters described above, the
barriers, guard rails or walkways were ignored in the FEA models.

5.3 Comparison
In this section, load distribution factor for moment and shear for every
generic bridge is derived and compared with AASHTO LRFD Specification.
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5.3.1 Live load distribution factor for moment
In AASHTO LRFD Specification (2007), the load distribution factor for
moment in interior beam is shown in Chapter 4.6.2.2. For generic bridges used in
this research, Equation (5.1) is employed to calculate the load distribution factor.
.

0.075

.

.

.

.

.......................(5.1)

where DFm is load distribution factor for moment, S is spacing of beams or webs
(ft.), L is span of beam (ft.), ts is depth of concrete slab (in.), Kg is longitudinal
stiffness parameter (in.4). The applicable ranges of above equation are 3.5 ≤ S ≤
16.0, 4.5 ≤ ts ≤ 12.0, 20 ≤ L ≤ 240, 4 ≤ Nb, 10000 ≤ Kg ≤ 7000000. All generic
bridges employed in this research satisfy these ranges.
For skewed bridges, the following correction factor is multiplied to the load
distribution factor to reduce the bending moment.
1

0.25

.
.

.

tan

.

..........................(5.2)

where θ is the skew angle. The applicable range of above equation is 30° ≤ θ ≤
60°, 3.5 ≤ S ≤ 16.0, 20 ≤ L ≤ 240, and 4 ≤ Nb. Generic bridges of skewed angle
30 ° and 50 ° satisfy this condition. Results calculated from above specification
are to be compared with FEA results in the Figures 5.21 to 5.26.
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Figure 5.19 Load distribution factor for moment in interior beam of the generic
steel bridge of the span length = 120', beam spacing = 6'.
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Figure 5.20 Load distribution factor for moment in interior beam of the generic
steel bridge of the span length = 120', beam spacing = 10'.

Figure 5.21 Load distribution factor for moment in interior beam of the generic
steel bridge of the span length = 180', beam spacing = 6'.
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Figure 5.22 Load distribution factor for moment in interior beam of the generic
steel bridge of the span length = 180', beam spacing = 10'.

Figure 5.23 Load distribution factor for moment in interior beam of the generic
prestressed concrete bridge of the span length = 60', beam spacing = 6'.
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Figure 5.24 Load distribution factor for moment in interior beam of the generic
prestressed concrete bridge of the span length = 120', beam spacing = 6'.

It is shown that the Fixed end model does not fit well with the AASHTO
LRFD specification for every span length, beam spacing, and skew angle. The
reason for the lack of fit is the difference of the boundary condition at the end of
the bridge between Fixed end model and the specification. As mentioned in
Chapter 2, the specification equation was derived by regression for the results
obtained from the grillage model with simply supported end conditions. In
contrast, the Fixed model has both the translation and rotation constrained. It is
considered that this difference in the end conditions resulted in the difference in
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moment at the center of the bridge. This can be understood by considering the
bending of the beam of which the length is Lbeam subjected to concentrated load
Pbeam at the center. Maximum moment is PbeamLbeam/4 for simply supported end
condition, while for fixed end condition, maximum moment is PbeamLbeam /8, half of
the simply supported condition result.
In contrast, the SS end and Bearing end models fit the specification better
than Fixed end model, though there is still some differences. The differences
between the specification and the FEA was found to be at most 30%, which is
consistent with the literatures.
On the other hand, the effect of intermediate diaphragm is also considered
to be a reason for the difference in the results. In the following figures, the results
of the generic bridge model with and without intermediate diaphragm is
compared.

81

Figure 5.25 Comparison result on the load distribution factor for moment in
interior beam of the generic steel bridge (span length = 120', beam spacing = 6')
with and without intermediate diaphragm.
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Figure 5.26 Comparison result on the load distribution factor for moment in
interior beam of the generic steel bridge (span length = 120', beam spacing = 10')
with and without intermediate diaphragm.

Figure 5.27 Comparison result on the load distribution factor for moment in
interior beam of the generic steel bridge (span length = 180', beam spacing = 6')
with and without intermediate diaphragm.
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Figure 5.28 Comparison result on the load distribution factor for moment in
interior beam of the generic steel bridge (span length = 180', beam spacing = 10')
with and without intermediate diaphragm.
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Figure 5.29 Comparison result on the load distribution factor for moment in
interior beam of the generic prestressed concrete bridge (span length = 60',
beam spacing = 6') with and without intermediate diaphragm.

Figure 5.30 Comparison result on the load distribution factor for moment in
interior beam of the generic prestressed concrete bridge (span length = 120',
beam spacing = 6') with and without intermediate diaphragm.

It is seen that the decrease in moment distribution factor of steel bridge
due to the intermediate diaphragm is negligible. In contrast, around 10%
decrease was observed in the prestressed concrete bridge example. The reason
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for this difference has been identified as the presence of the large intermediate
diaphragms.

Effect of warping on the load distribution factor for moment
Sagging moment orthogonal to abutments in central region is considered
as one of the characteristic difference of skewed bridges when compared to right
bridges. Due to the sagging moment, the skewed bridges are subjected to
twisting moment. Warping effect exists on thin-wall open section beam subjected
to twisting moment and it causes longitudinal stress on the bottom flange of the
beam. In order to examine the effect of warping, FEA was conducted and the
results were obtained at the quarter and mid span, where the longitudinal stress
due to warping and bending moment respectively are expected to be significant.
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Figure 5.31 Effect of warping at the quarter span

Figure 5.32 Effect of warping at the mid span
Figures 5.31 and 5.32 show the ratio of the longitudinal stress due to
warping to that of moment with the skew angles of 0 °, 30 °, and 50 °. It is seen
that the warping effect is very small in prestressed concrete bridges. This is
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because warping effect is significant only for the thin-wall open section beam,
which is different from prestressed I-beam section. For steel bridges, warping
effect is at most only 3% and therefore it can be neglected at the mid span. In
contrast, at the quarter span, warping effect increases as the skew angle
increases and the ratio reaches 10%. However, it will not cause major issues
because the longitudinal stress due to bending moment at the quarter span is
much smaller than that at the mid span. Thus, the total longitudinal stress at the
quarter span is smaller than that at the mid span.

5.3.2 Load Distribution Factor for Shear
In AASHTO LRFD Specification (2007), the load distribution factor for
shear is shown in Chapter 4.6.2.2. In this section, main focus is on shear for the
exterior beam as one of the main issues in skewed bridge is considered to be
high reaction at the obtuse corner. For generic bridge used in this research,
Equation (5.3) is employed to calculate the load distribution factor.
0.6

0.2

..............................(5.3)

where DFs is load distribution factor for shear, de is the distance from the exterior
web of exterior beam to the interior edge of curb or traffic barrier (ft.). The
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applicable ranges of above equation are 3.5 ≤ S ≤ 16.0, 4.5 ≤ ts ≤ 12.0, 20 ≤ L ≤
240, 4 ≤ Nb, -1.0 ≤ de ≤ 5.5. All generic bridges employed in this research satisfy
these ranges.
For generic skewed bridges used in this research, following correction
factor is multiplied to the load distribution factor for support shear of the obtuse
corner.
1

0.20

.

.

tan .........................................(4)

The applicable range of above equation is 0° ≤ θ ≤ 60°, 3.5 ≤ S ≤ 16.0, 20 ≤ L ≤
240, and 4 ≤ Nb. Generic bridges satisfy these conditions. Results calculated
from above specification are to be compared with FEA results at the obtuse
corner in the following Figure 5.33 to 5.38.
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Figure 5.33 Load distribution factor for shear in exterior beam of the generic steel
bridge of the span length = 120', beam spacing = 6'.

Figure 5.34 Load distribution factor for shear in exterior beam of the generic steel
bridge of the span length = 120', beam spacing = 10'.
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Figure 5.35 Load distribution factor for shear in exterior beam of the generic steel
bridge of the span length = 180', beam spacing = 6'.

Figure 5.36 Load distribution factor for shear in exterior beam of the generic steel
bridge of the span length = 180', beam spacing = 10'.

91

Figure 5.37 Load distribution factor for shear in exterior beam of the generic
prestressed concrete bridge of the span length = 60', beam spacing = 6'.

Figure 5.38 Load distribution factor for shear in exterior beam of the generic
prestressed concrete bridge of the span length = 120', beam spacing = 6'.

It is shown in above figures that the Fixed end model and SS end model fit
well with the AASHTO LRFD specification. In addition, this trend also follows the
specification that the load distribution factor for shear increases as the skew
angle increases. In contrast, the Bearing end model does not fit the specification
well.
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In the Bearing end model, not only the load distribution factor but also the
trend is different from the specification. A possible interpretation of this is that the
reaction force at the obtuse corner is distributed to other bearings because the
bearings are not stiff. This is supported by the following Figure 5.39 which shows
how the reaction force is distributed when skew angle is severe. It is seen in the
figure that a portion of the reaction force on the bearing at the obtuse corner is
shed to the neighboring bearings. This redistribution reduces the reaction force at
the obtuse corner and therefore a large bearing at the obtuse corner is very
conservative if it is designed as per the specification.
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Figure 5.39 Reaction force distribution for generic bridge of span length = 120',
beam spacing = 10', and skew angle = 50°. Every beam is named as A to F from
the acute corner to obtuse corner.

Effect of torsion on the load distribution factor for shear
It is important to check the effect of torsion on shear because skewed
bridges are subjected to twisting moment as described previously. Figure 5.40
shows the ratio of the shear stress on the web due to torsion to that due to shear
force with the skew angle of 0 °, 30 °, and 50 ° at the obtuse corner. It is also
seen that the torsional effect is very small. At different locations other than the
obtuse corner, more torsional effect is observed, however, shear force is much
lower than one at the obtuse corner and therefore total shear stress is also lower.
Thus, it is concluded that the effect of torsion on shear is not the main issue in
skewed bridges.
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Figure 5.40 Effect of torsion on the shear effect

5.4 Summary
This chapter has presented the FEA calculation of generic bridges. In the
analysis, the moment and shear distribution factor were derived and compared
with AASHTO LRFD specification. FEA results of "SS end" model shows that
moment effect decreases and shear effect increases as the skewed angle
increases as in AASHTO LRFD specification. However, AASHTO LRFD
specification fails to predict the behavior for "Fixed end" and "Bearing end"
models. The moment distribution factor for "Fixed end" model is less than half of
the specification and the shear distribution factor for "Bearing end" model does
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not increase significantly as the skew angle increases. It can happen that the
structural members are overdesigned or underdesigned if it is designed as per
the specification.
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CHAPTER 6
ANALYTICAL SOLUTION FOR SKEWED THICK PLATES

6.1 Overview
In this chapter, analytical solution for skewed thick plates is developed.
Skewed plates are important structural elements which are used in a wide range
of applications including skewed bridges. The analytical solution for skewed
bridges is derived in the following Chapter 7 based on the solution for skewed
thick plates. First of all, several plate theories are introduced which are derived
from the governing equations of three-dimensional elastic material by applying
several assumptions. Next, the concept of oblique coordinate system is
introduced and relationship to rectangular coordinate system is shown. Then,
governing differential equation of skewed thick plates bending based on the
Reissner-Mindlin theory in the oblique coordinate system is developed and then
it is solved using a sum of polynomial and trigonometric functions. Results are
compared to those in literature derived from numerical method.

6.2 Introduction
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6.2.1 Plate theories for various plate thickness
A number of theories exist to analyze plates and are presented in this
section. A plate is a three-dimensional structure and governing equations are as
follows:
(1) Equilibrium equation:
∂σ x ∂τ xy ∂τ xz
+
+
+X =0
∂x
∂y
∂z
∂τ xy ∂σ y ∂τ yz
+
+
+Y = 0
∂x
∂y
∂z
∂τ xz ∂τ yz ∂σ z
+
+
+Z =0
∂x
∂y
∂z
……………………………(6.1)
(2) Constitutive equation:
⎛
⎝

σ x = 2G ⎜ ε x +

ν

⎞
(ε x + ε y + ε z ) ⎟
1 − 2ν
⎠

ν
⎛
⎞
(ε x + ε y + ε z ) ⎟
1 − 2ν
⎝
⎠
ν
⎛
⎞
(ε x + ε y + ε z ) ⎟
σ z = 2G ⎜ ε z +
1 − 2ν
⎝
⎠
τ xy = Gγ xy
σ y = 2G ⎜ ε y +

τ xz = Gγ xz
τ yz = Gγ yz

………………………..(6.2)

(3) Compatibility equation:

∂u
∂v
∂w
,ε y = ,ε z =
∂x
∂y
∂z
∂v ∂u
∂w ∂u
∂w ∂v
= + , γ xz =
+ , γ yz =
+
∂x ∂y
∂x ∂z
∂y ∂z …………………….(6.3)

εx =
γ xy
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Because there are 15 unknowns (6 stresses, 6 strains, and 3 displacements)
and 15 equations, the solution can be derived theoretically; however, it is almost
impossible to solve the above equations because of their complexity. Thus,
several assumptions have been applied to solve the plate problem.
Since appropriate assumption varies according to the type of plates, it is
important to classify the plates before an assumption is made. Plates can be
roughly categorized into four groups as in Table 6.1. (Hangai (1995))

Table 6.1. Types of plate theory
(number in parenthesis indicates order of thickness/edge-length）

Thickness of plates

Appropriate assumption

Extremely thick plates (100)

Higher order theory

Thick plates (10-1~100)

Reissner-Mindlin theory

Thin plates (10-1)

Kirchhoff theory

Extremely thin plates (10-2)

Membrane theory

The deck of skewed composite bridge can be categorized into thick plates
(the ratio of thickness/edge length is 10-1~100), therefore, analytical solution for
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skewed thick plates is developed based on Reissner-Mindlin theory in this
section.

6.2.2 Kirchhoff theory and Reissner-Mindlin theory
In this section, Equations (6.1) to (6.3) are simplified using several
assumptions. The most fundamental and classical plate theory is the Kirchhoff
theory, in which the displacement field is based on the Kirchhoff assumptions,
which consists of the following four parts (Reddy 2007):
(1) Deformation is infinitesimal.
(2) Straight lines perpendicular to the mid-surface (i.e. transverse normals)
before deformation remain straight after deformation.
(3) The transverse normals do not experience elongation (i.e., they are
inextensible).
(4) The transverse normals rotate such that they remain perpendicular to the
middle surface after deformation.

The above four assumptions are formulated as follows:
(1) Infinitesimal deformation
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2

2

⎛ ∂w ⎞
⎛ ∂w ⎞
w << h, ⎜
⎟ << 1
⎟ << 1, ⎜
⎝ ∂x ⎠
⎝ ∂y ⎠
...................................(6.4)
(2) No mid-surface deformation along x and y direction

εx

z =0

= 0, ε y

z =0

= 0, γ xy

z =0

=0

......................................(6.5)

(3) Transverse normals keep its length and stress along z-direction is zero

ε z = 0, σ z = 0 ....................................................(6.6)
(4) Transverse normals and mid-surface keeps perpendicular

γ xz = 0, γ yz = 0

...................................................(6.7)

By applying these assumptions (6.4) to (6.7) in (6.1) to (6.3), the following
Equation (6.8) is readily obtained.

⎛ ∂4w
∂4w
∂4w ⎞
D ⎜ 4 + 2 2 2 + 4 ⎟ = p ..................................(6.8)
∂x ∂y
∂y ⎠
⎝ ∂x
where D is the flexural rigidity of the plate, w is deformation, p is load.
The Kirchhoff theory is widely used in plate analysis, but suffers from
under-predicting deflections when the thickness-to-side ratio exceeds 1/20
because it neglects the effect of the transverse shear deformation (e.g., Reddy
2007).
To address this issue, the Reissner-Mindlin theory was developed by
Reissner (1945) and Mindlin (1951). It relaxes the perpendicular restriction for
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the transverse normals and allows them to have arbitrary but constant rotation to
account for the effect of transverse shear deformation. Namely, the assumption
(6.7) is not adopted in the Reissner-Mindlin theory. Note that the relationship
between the Kichhoff and Reissner-Mindlin theories for plates is analogical to
that between the Bernoulli-Euler and Timoshenko theories for beams. In the next
section, skewed thick plates are analyzed based on this theory.

6.3. Governing equation in an oblique coordinate system
When a plate’s boundary profile is a parallelogram, the oblique Cartesian
coordinate system can be advantageous. We first present the concept of oblique
coordinate system and then derive the governing differential equation of skewed
thick plates based on the Reissner-Mindlin theory.

6.3.1. Oblique coordinate system
In this section, the relationship between rectangular and oblique
coordinate system is presented. Figure 6.1 shows an oblique coordinate system
spanned by the X and Y axes, along with the reference rectangular system by x
and y, with angle YOy denoted as skew angle α. Parallelogram ABCD in Figure
6.1 represents the skewed plate of interest, and the edge lengths CD and AD are
2a and 2b, respectively. Hereafter, quantities with subscript of upper-case
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characters (i.e. MX, MY) are those in the oblique coordinate system and the
quantities with subscript of lower-case characters (i.e. Mx, My) are those in the
rectangular coordinate system.

y

Y
MY
QY

MX

MXY

α
QX

A

G

QX

O

H

MXY

F

x, X

2b

B

MXY
E
C

QY
D

2a
MXY

MX

MY

Figure 6.1 Skewed plate in oblique coordinate system
First, the relation between rectangular and oblique coordinate system is
provided. The two systems of coordinates are related to each other by the
following Equations (6.9) to (6.11) (Morley 1963, Liew and Han 1997).

⎛ X ⎞ ⎛ 1 tan α ⎞ ⎛ x ⎞
⎜ ⎟=⎜
⎟⎜ ⎟
⎝ Y ⎠ ⎝ 0 secα ⎠ ⎝ y ⎠ …………………………….(6.9)
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⎛ ∂
⎜ ∂X
⎜
⎜ ∂
⎜
⎝ ∂Y

⎛ φX
⎜
⎝ φY
where

x,

y,

X

and

Y

⎛ ∂ ⎞
0 ⎞ ⎜ ∂x ⎟
⎟⎜ ⎟
cos α ⎠ ⎜ ∂ ⎟
⎜ ⎟
⎝ ∂y ⎠ ……………………… (6.10)

⎞
⎟ ⎛ 1
⎟=⎜
⎟ ⎝ sin α
⎟
⎠

0 ⎞ ⎛ φx ⎞
⎟⎜ ⎟
cos α ⎠ ⎝ φ y ⎠ …………………………(6.11)

⎞ ⎛ 1
⎟=⎜
⎠ ⎝ sin α

are the rotations normal to the x, y, X and Y axes

respectively. The relationship between the strain, moment, and shear force of
the two coordinate systems can be described as in Equations (6.12) to (6.14).
⎛ εX
⎜
⎜ εY
⎜γ
⎝ XY

⎞ ⎛ 1
⎟ ⎜ 2
⎟ = ⎜ sin α
⎟ ⎜ 2 sin α
⎠ ⎝

⎛ M X ⎞ ⎛ cos α
⎜
⎟ ⎜
⎜ MY ⎟ = ⎜ 0
⎜M ⎟ ⎜ 0
⎝ XY ⎠ ⎝

⎛ QX
⎜
⎝ QY
Where

0

⎞⎛ εx ⎞
⎟⎜ ⎟
sin α cos α ⎟ ⎜ ε y ⎟ ………………(6.12)
cosα ⎟⎠ ⎜⎝ γ xy ⎟⎠
0

cos 2 α
0

sin α tan α
sec α
− tan α

⎞ ⎛ cos α
⎟=⎜
⎠ ⎝ 0

−2 sin α ⎞ ⎛ M x ⎞
⎟
⎟⎜
0 ⎟ ⎜ M y ⎟ …………….(6.13)
1 ⎟⎠ ⎜⎝ M xy ⎟⎠

− sin α ⎞ ⎛ Qx ⎞
⎟⎜ ⎟
1 ⎠ ⎝ Qy ⎠

………………………(6.14)

and γ are the normal and shear strain. M and Q indicate the moment

and shear force which are presented in Figure 6.1. The stress-strain relationship
of the oblique and rectangular coordinate system can be described as shown in
the following Equations (6.15) and (6.16), respectively.
⎛ Mx ⎞
⎛ εx ⎞
⎜
⎟
⎜ ⎟
⎜ M y ⎟ = [ Dr ] ⎜ ε y ⎟
⎜M ⎟
⎜γ ⎟
⎝ xy ⎠
⎝ xy ⎠

…………………………….(6.15)
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⎛ MX ⎞
⎛ εX ⎞
⎜
⎟
⎜
⎟
⎜ M Y ⎟ = [ DO ] ⎜ ε Y ⎟
⎜M ⎟
⎜γ ⎟
⎝ XY ⎠
⎝ XY ⎠ …………….………………(6.16)
Where [Dr] and [Do] are flexural stiffness matrices of rectangular and oblique
coordinate systems. The flexural stiffness matrices relate the moments to the
curvatures in the respective coordinate systems. For example, [Dr] in the
rectangular coordinate system for isotropic material is (Timoshenko 1959):

⎛ 1
⎜
1 −ν 2
⎜
Et 3
ν
[ Dr ] = ⎜⎜ 2
12 1 −ν
⎜
⎜ 0
⎜
⎝

ν
1 −ν 2
1
1 −ν 2
0

⎞
⎟
⎟
⎟
0 ⎟
⎟
1 ⎟
2(1 + ν ) ⎟⎠
………………………(6.17)
0

where E is the Young’s modulus, ν is the Poisson’s ratio, t is the thickness
of the plate. Since Reissner-Mindlin theory assumes that the transverse normals
do not experience elongation, Equation (6.15) and (6.16) are changed into the
following Equations (6.18) and (6.19).
⎧ ∂φx ⎫
⎪
⎪
∂x
⎪
⎪
⎧ Mx ⎫
⎪
⎪
⎪⎪ ∂φ y ⎪⎪
⎨ M y ⎬ = [ Dr ] ⎨
⎬
∂y
⎪M ⎪
⎪
⎪
⎩ xy ⎭
⎪ ∂φ ∂φ y ⎪
⎪ x+
⎪
∂x ⎭⎪
⎪⎩ ∂y
…………………………..(6.18)

⎧ ∂φ X
⎪
∂X
⎧ MX ⎫
⎪
φY
∂
⎪
⎪
⎪
⎨ M Y ⎬ = [ DO ] ⎨
∂Y
⎪M ⎪
⎪
⎩ XY ⎭
⎪ ∂φ X ∂φY
⎪ ∂Y + ∂X
⎩

⎫
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎭ ………...…………………(6.19)
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The relationship between [Dr] and [Do] can be calculated easily using the
following equation (6.20) and is presented as equation (6.21).
⎛ M X ⎞ ⎛ cos α
⎜
⎟ ⎜
⎜ MY ⎟ = ⎜ 0
⎜
⎟ ⎜
⎝ M XY ⎠ ⎝ 0

sin α tan α
sec α

⎛ cos α
⎜
=⎜ 0
⎜ 0
⎝

sin α tan α
sec α

⎛ cos α
⎜
=⎜ 0
⎜ 0
⎝

sin α tan α

− tan α

− tan α
sec α
− tan α

−2sin α ⎞ ⎛ M x ⎞
⎟
⎟⎜
0 ⎟⎜ M y ⎟
1 ⎠⎟ ⎝⎜ M xy ⎠⎟
⎛ εx ⎞
−2sin α ⎞
⎜ ⎟
⎟
0 ⎟ [ Dr ] ⎜ ε y ⎟
⎜γ ⎟
1 ⎟⎠
⎝ xy ⎠
−2sin α ⎞
⎛ 1
⎟
⎜
0 ⎟ [ Dr ] ⎜ sin 2 α
⎜ 2sin α
1 ⎟⎠
⎝

0
cos α
0
2

⎞
⎟
sin α cos α ⎟
cosα ⎟⎠
0

−1

⎛ εX ⎞
⎜
⎟
⎜ εY ⎟
⎜γ ⎟
⎝ XY ⎠

⎛ εX ⎞
⎜
⎟
= [ DO ] ⎜ ε Y ⎟
⎜γ ⎟
⎝ XY ⎠
⎛ cos α sin α tan α
sec α
[DO ] = ⎜⎜ 0
⎜ 0
− tan α
⎝

….(6.20)
−2sin α ⎞
⎟
0 ⎟ [Dr ]
1 ⎟⎠

⎛ 1
⎜ 2
⎜ sin α
⎜ 2sin α
⎝

0
cos 2 α
0

0
⎞
⎟
sin α cos α ⎟
cosα ⎟⎠

−1

……….(6.21)

Note that Equation (6.21) is applicable not only for isotropic material, but
also for more complex materials, such as orthotropic or anisotropic materials.
If the relationship between the shear force and deflection is described as
in Equation (6.22) and (6.23), the relationship between the extensional stiffness
matrices [Ar] and [Ao] in the equations are derived from Equation (6.24) and is
presented in Equation (6.25).

⎛ ∂w
⎞
⎜ ∂x + φ x ⎟
⎛ Qx ⎞
⎟
⎜ ⎟ = K s [ Ar ] ⎜ ∂w
Q
⎜
⎟
y
⎝ ⎠
⎜ ∂y + φ y ⎟
⎝
⎠ …………………………(6.22)
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⎛ QX
⎜
⎝ QY

⎛ QX ⎞ ⎛ cos α
⎜
⎟=⎜
⎝ QY ⎠ ⎝ 0

⎛ ∂w
⎜ ∂X + φX
⎞
[
]
=
K
A
⎟
s
O ⎜
⎜ ∂w + φ
⎠
⎜
Y
⎝ ∂Y

⎞
⎟
⎟
⎟
⎟
⎠ …………………………(6.23)

− sin α ⎞ ⎛ Qx ⎞
⎟⎜ ⎟
1 ⎠ ⎝ Qy ⎠

⎛ cos α
= Ks ⎜
⎝ 0

⎛ cos α
= Ks ⎜
⎝ 0

⎛ ∂w
⎞
+ φx ⎟
⎜
− sin α ⎞
∂x
⎟
⎟ [ Ar ] ⎜ ∂w
1 ⎠
⎜
⎟
⎜ ∂y + φ y ⎟
⎝
⎠
− sin α ⎞
⎛ 1
⎟ [ Ar ] ⎜
1 ⎠
⎝ sin α

⎛ ∂w
⎜ ∂X + φ X
= K s [ AO ] ⎜
⎜ ∂w + φ
⎜
Y
⎝ ∂Y
⎛ cos α
[ AO ] = ⎜
⎝ 0

⎛ ∂w
+ φX
0 ⎞ ⎜ ∂X
⎟ ⎜
cos α ⎠ ⎜ ∂w
+ φY
⎜
⎝ ∂Y
−1

⎞
⎟
⎟
⎟
⎟
⎠

− sin α ⎞
⎛ 1
⎟ [ Ar ] ⎜
1 ⎠
⎝ sin α

⎞
⎟
⎟
⎟
⎟
⎠

……(6.24)
−1

0 ⎞
⎟
cos α ⎠ ………………(6.25)

Where w is the transverse deformation perpendicular to the plane of the plate
and Ks is the shear correction factor to account for non-uniform transverse shear
distribution.
The extensional stiffness matrix relates the shear forces to the shear
strains. For example, [Ar] for isotropic material is

[ Ar ] =

Et ⎛ 1 0 ⎞
⎜
⎟ …………………………….(6.26)
2(1 + ν ) ⎝ 0 1 ⎠

Based on the relationships (6.21) and (6.25), the governing equation of
skewed thick plate bending is developed in the next section.
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6.3.2 Governing equation for skewed thick plates bending
Hereafter, the components in [Do] and [Ao] are referred to using their
respective elements D11 to D33 and A44 to A55 as follows:

⎡ D11
⎢
[ DO ] = ⎢ D12
⎢⎣ D13

D12
D22
D23

D13 ⎤
⎡A
D23 ⎥⎥ , [ AO ] = ⎢ 55
⎣ A45
D33 ⎥⎦

A45 ⎤
A44 ⎥⎦

..........................(6.27)

where the diagonal components of [Do] relate the moments to the curvatures in
the same directions. The off-diagonal terms relate the same moments to the
curvatures in other directions due to the Poisson's effect and coordinate system
obliquity. Similarly, the diagonal components of [Ao] relate the shear forces to the
shear strains in the same direction, and off-diagonal terms to the shear strains in
other directions due to obliquity.
The following Equations (6.28) to (6.30) are the equilibrium conditions of
the skewed plate shown in Figure 6.1 (Morley 1962).
Equilibrium of force along z direction：
∂QX ∂QY
+
= −Q
∂X
∂Y
.............................................(6.28)

Equilibrium of moments along x axis：
∂M X ∂M XY
+
= QX
∂X
∂Y
...........................................(6.29)

Equilibrium of moments along y axis：
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∂M Y ∂M XY
+
= QY
∂Y
∂X
...........................................(6.30)

where Q in the Equation (6.28) is the load applied over the upper surface of the
plate.
By substituting the moments and shear forces in the oblique coordinate
system in Equations (6.21), (6.25), and (6.27) in the equilibrium conditions (6.28)
to (6.30), the following Equations (6.31) to (6.33) are obtained in the oblique
system.

⎛ ∂ 2 w ∂φ X
+
K s A45 ⎜
⎝ ∂X ∂Y ∂Y

D11

⎞
⎛ ∂ 2 w ∂φY
+
+
K
A
⎟
s 45 ⎜
⎠
⎝ ∂X ∂Y ∂X

⎛ ∂ 2φ X ∂ 2φY
∂ 2φ X
∂ 2φY
D
D
+
+
+
12
13 ⎜ 2
2
∂X 2
∂X ∂Y
⎝ ∂X ∂Y ∂X

⎞
⎛ ∂ 2 w ∂φ X ⎞
⎛ ∂ 2 w ∂φY ⎞
+
+
+
+
K
A
K
A
⎟
⎟
⎟ = −Q
s 55 ⎜
s 44 ⎜
2
2
∂X ⎠
∂Y ⎠
⎠
⎝ ∂X
⎝ ∂Y
...........................................(6.31)
⎞
⎛ ∂ 2φ X
∂ 2φY
∂ 2φY ⎞
D
D
+
+
+
⎟
⎟
23
33 ⎜
2
∂Y 2
∂X ∂Y ⎠
⎠
⎝ ∂Y

⎛ ∂w
⎞
⎛ ∂w
⎞
= K s A45 ⎜
+ φY ⎟ + K s A55 ⎜
+ φX ⎟
⎝ ∂Y
⎠
⎝ ∂X
⎠

.....(6.32)

⎛ ∂ 2φ X
⎛ ∂ 2φ X ∂ 2φY
∂ 2φ X
∂ 2φ X
∂ 2φY
∂ 2φY ⎞
D12
+ D13
+ D22
+ D23 ⎜
+2
+
⎟ + D33 ⎜
2
2
∂X ∂Y
∂X 2
∂Y 2
∂X ∂Y ⎠
⎝ ∂Y
⎝ ∂X ∂Y ∂X
⎛ ∂w
⎞
⎛ ∂w
⎞
= K s A44 ⎜
+ φY ⎟ + K s A45 ⎜
+ φX ⎟
⎝ ∂Y
⎠
⎝ ∂X
⎠

⎞
⎟
⎠
......(6.33)

Note that Reddy (2004, 2007) also presented similar governing equations but for
solving the problem of simply supported straight thick plates.
To make the solution process simpler, a new potential function ψ is
introduced below to represent the condition of the skewed thick plate. We
assume that w consists of terms up to the 4th derivative and

X

and

Y

up to the

3rd derivative of ψ, with respect to the spatial variables X and Y. The following
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relations in Equations (6.34) to (6.36) are obtained to satisfy Equations (6.32)
and (6.33).

∂ 4ψ
∂ 4ψ
∂ 4ψ
2
+
−
+
−
−
+
2
D
D
D
D
D
D
D
2
D
D
2
D
D
( 12 13 11 23 ) 3
( 12 11 22 13 23 12 33 ) ∂X 2∂Y 2 +
∂X 4
∂X ∂Y
∂ 4ψ
∂ 4ψ
∂ 2ψ
2
+
−
+
−
+
+
2 ( − D13 D22 + D12 D23 )
D
D
D
A
D
2
A
D
A
D
K
{
}
(
)
s
23
22 33
44 11
45 13
55 33
∂X ∂Y 3
∂Y 4
∂X 2
∂ 2ψ
∂ 2ψ
2 { A44 D13 + A55 D23 − A45 ( D12 + D33 )} K s
+ { A55 D22 − 2 A45 D23 + A44 D33 } K s
+ ( A452 − A44 A55 ) K s 2ψ
2
∂X ∂Y
∂Y
......................................................(6.34)
w = ( D132 − D11 D33 )

∂ 3ψ
∂ 3ψ
A
D
2
A
D
A
D
K
+
−
+
+
{ 44 13
55 23
45 12 }
s
∂X 3
∂X 2 ∂Y
3
3
{− A55 D22 − A45 D23 + A44 ( D12 + D33 )} K s ∂X∂ ∂ψY 2 + ( − A45 D22 + A44 D23 ) K s ∂∂Yψ3 + ( − A452 + A44 A55 ) K s 2 ∂∂ψX
......................................................(6.35)

φ X = ( A45 D13 − A55 D33 ) K s

∂ 3ψ
∂ 3ψ
φY = ( − A45 D11 + A55 D13 ) K s
+ {− A44 D11 − A45 D13 + A55 ( D12 + D33 )} K s
+
∂X 3
∂X 2 ∂Y
.
∂ 3ψ
∂ 3ψ
∂
ψ
+ ( A45 D23 − A44 D33 ) K s
+ ( − A45 2 + A44 A55 ) K s 2
{−2 A44 D13 + A55 D23 + A45 D12 } K s
∂X ∂Y 2
∂Y 3
∂Y

.....................................................(6.36)
By substituting these relations in Equation (6.31), the governing equation
of the Reissner-Mindlin skewed thick plate is then formulated as a 6th order
partial differential equation as follows
L (ψ ) = −Q ........................................................(6.37)

where L is a linear differential operator in the oblique coordinate system:
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L = A55 ( D132 − D11D33 ) K s

∂6
∂6
2
+
2
A
D
D
−
D
D
+
A
D
−
D
D
K
+
s
55 ( 12 13
11 23 )
45 ( 13
11 33 )
∂X 6
∂X 5∂Y

{

}

{ A44 ( D132 − D11D33 ) + 4 A45 ( D12 D13 − D11D23 ) + A55 ( D12 2 − D11D22 − 2 D13 D23 + 2 D12 D33 )}K s
{2 A44 ( D12 D13 − D11D23 ) + 2 A55 ( − D13 D22 + D12 D23 ) +

∂6
+
∂X 4∂Y 2

∂6
+ { A44 ( D12 2 − D11D22 − 2 D13 D23 + 2 D12 D33 ) +
3
3
∂X ∂Y
∂6
+ 2{ A45 ( D232 − D22 D33 ) +
A55 ( D232 − D22 D33 ) + 4 A45 ( D12 D23 − D13 D22 )}K s
∂X 2∂Y 4
4
∂6
∂6
2
2
2 ∂
+
−
+
−
+
(
)
(
)
A44 ( D12 D23 − D13 D22 )}K s
A
D
D
D
K
D
A
A
A
K
44
23
22 33
11
44 55
45
s
s
∂X ∂Y 5
∂Y 6
∂X 4
∂4
∂4
2
2
4 D13 ( A44 A55 − A45 2 ) K s 2
+
2(
D
+
2
D
)
A
A
−
A
K
+
(
)
12
33
44 55
45
s
∂X 3∂Y
∂X 2∂Y 2
4
∂4
2
2 ∂
4 D23 ( A44 A55 − A45 2 ) K s 2
(
)
+
D
A
A
−
A
K
22
44 55
45
s
∂X ∂Y 3
∂Y 4

2 A45 ( D12 2 − 2 D13 D23 + 2 D12 D33 − D11D22 )}K s

.......................................................................(6.38)

6.4 Analytical solution in series form

In the next two sections, a general solution to the governing differential
equation (6.37) is developed as the sum of a fundamental (homogeneous) and a
particular (non-homogeneous) solution.

6.4.1 Homogeneous solution
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The homogeneous solution ψh is the solution to Equation (6.37) for Q=0,
obtained as a sum of polynomials ψhp in Equation (6.39) and trigonometric series
ψht in Equation (6.40) below. This structure of solution is inspired by Gupta (1974)
for skewed thin plates.

ψ hp = Z1 + Z 2 X + Z3Y + Z 4 X 2 + Z 5Y 2 + Z 6 XY + Z 7 X 3 + Z8 X 2Y + Z9 XY 2 +
Z10Y 3 + Z11 ( D22 (− A45 2 + A44 A55 ) X 4 − D11 (− A45 2 + A44 A55 )Y 4 ) +
Z12 ( D23 (− A45 2 + A44 A55 ) X 3Y − D13 (− A45 2 + A44 A55 ) XY 3 )

...(6.39)

∞

ψ ht = ∑ ( AhC1 X 1 + iBhC1 X 2 + ChC2 X 1 + iDhC2 X 2 +EhC3 X 1 + iFhC3 X 2 +
h =1

Gh S1 X 1 + iH h S1 X 2 + I h S2 X 1 + iJ h S2 X 2 + K h S3 X 1 + iLh S3 X 2 +
M hC1Y 1 + iN hC1Y 2 + OhC2Y 1 + iPhC2Y 2 + QhC3Y 1 + iRhC3Y 2 +
S h S1Y 1 + iTh S1Y 2 + U h S2Y 1 + iVh S2Y 2 + Wh S3Y 1 + iX h S3Y 2 )

where

.........(6.40)

√ 1 is the imaginary unit, and CeXf, CeYf, SeXf, and SeYf trigonometric

functions are as follows

CeXf = cos

π h( X + λeY Y )

+ (−1) f +1 cos

π h( X + λeY Y )

2a
2a
π h( X + λeY Y )
π h( X + λeY Y )
S eXf = sin
+ (−1) f +1 sin
2a
2a
π h(λeX X + Y )
π h(λeX X + Y )
CeYf = cos
+ (−1) f +1 cos
2b
2b
π h(λeX X + Y )
π h(λeX X + Y )
S eYf = sin
+ (−1) f +1 sin
2b
2b
(e = 1, 2,3, f = 1, 2)
....................(6.41)
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where the bar on λ denotes the conjugate of λ. λ1X, λ2X, λ3X, λ1Y, λ2Y, and λ3Y are
the eigenvalues to be obtained by satisfying L(ψht)=0. For example, λeX is derived
by solving the following equation.

π h(λeX X + Y )
π h(λeX X + Y ) ⎞
⎛
L ⎜ cos
+ sin
⎟=0
2a
2a
⎝
⎠
........................(6.42)
The polynomial function ψhp in Equation (6.39) has 12 unknowns Z1 to Z12,
and the trigonometric function ψht in Equation (6.40) has 24l unknowns Ah, Bh,
Ch, …, and Xh (h=1,2,3,…,l) with l being the number of the trigonometric terms
needed for convergence. Therefore, the homogeneous solution ψh has 24l+12
unknowns and they will be determined according to the boundary conditions as
discussed below.

6.4.2 Particular solution
For a particular solution in the series form, the transverse load Q(X,Y) in
Equation (6.37) is expanded to a trigonometric series as follows

Q( X , Y ) =

cos α
∑
∑
j =1,2... k =1,2... ab
∞

∞

b a

∫ ∫ Q(ξ ,η )sin

−b − a

jπ (ξ + a )
kπ (η + b)
jπ ( X + a )
kπ (Y + b)
sin
d ξ dη sin
sin
2a
2b
2a
2b

.....................................................(6.43)
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Equation (6.43) is able to express any transverse load, such as a uniform
distributed load, a concentrated load, a line load, or a patch load. For example,
the uniform distributed load and concentrated load are expressed as the
following Equation (6.44) and (6.45), respectively.

Q=

Q=

Q0
ab

∞

16q0 ( −1) ( j + k + 2) / 2
jπ X
kπ Y
cos
cos
sin α ....................(6.44)
∑
∑
2
2a
2b
jkπ
j =1,3,... k =1,3,...
∞

∞

∑ ∑

∞

sin

j =1,2... k =1,2...

jπ ( X 0 + a)
kπ (Y0 + b)
jπ ( X + a )
kπ (Y + b)
sin
sin
sin
2a
2a
2b
2b
...(6.45)

where q0 is the uniformly distributed load and Q0 is the concentrated load at a
point (X0, Y0). Accordingly, the particular solution ψp for Equation (6.32) can be
written in a series form as

ψp =

m

m

∑ ∑

j =1,2,... k =1,2,...

K jk cos

jπ ( X + a)
kπ (Y + b)
jπ ( X + a)
kπ (Y + b)
cos
+ L jk sin
sin
2a
2b
2a
2b
..(6.46)

where Kjk and Ljk are to be determined to satisfy Equations (6.37) and (6.43), m
is the number of the trigonometric terms needed for convergence. The general
solution for ψ is derived as the sum of the homogeneous solution and the
particular solution as:

ψ = (ψ hp + ψ ht ) + ψ p

............................................(6.47)
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Since no unknowns exist in the particular solution, the total number of unknowns
in the general solution is still 24l+12, as in the homogeneous solution.

6.5 Determination of unknown constants for series solution

In the Reissner-Mindlin theory, the boundary conditions for various edges
are given below for determining the unknown constants in the homogeneous
solution. The normal and tangential directions to the edge are denoted here
using subscripts n and s respectively. The moments on the edges are
accordingly noted using these subscripts consistent with the directions of the
stresses thereby induced. Namely Mn is for the moment causing normal stresses
and Ms is the torsional moment inducing shear stresses.

(1)

Clamped: w = 0, φn = 0, φs = 0

(6.48)

(2)

Soft Simply Supported (SS1) : w = 0, M n = 0, φs = 0

(6.49)

(3) Hard Simply Supported (SS2): w = 0, M n = 0, M s = 0

(4)

Free: M n = 0, M s = 0, Qn = 0

(6.50)

(6.51)
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Note that the Kirchhoff theory treats SS1 and SS2 in Equations (6.49) and (6.50)
as the same boundary condition. The difference between them is explained
graphically in Figure 6.2. The boundary condition of SS1 restricts the tangential
rotation by supporting two points in the cross section, thereby generating a nonzero torsional moment. In contrast, the boundary condition of SS2 supports the
plate only at one point in the cross section, allowing a tangential rotation and
generating no twisting moment.

When an edge of the plate is supported by an elastic beam, a different
treatment of the boundary condition other than those in Equations (6.48) to
(6.51) is needed, which is discussed in the Chapter 7. There, several plates are
integrated through compatible boundary conditions to form a system such as a
beam bridge consisting of a deck supported by several parallel beams.
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SS1
s=

0

Msn≠0
SS2
s

s≠

0

Msn=0

Figure 6.2 Comparison between SS1 and SS2

The boundary conditions in Equation (6.48) to (6.51) can be unified as
follows:

Γd ( X , Y ) = 0

⎧d
⎪d
⎪
⎨
⎪d
⎪⎩d

= 1, 2,3
= 4,5, 6
= 7,8,9
= 10,11,12

(edge CD in Fig.1)
(edge AB in Fig.1)
(edge BC in Fig.1)
(edge AD in Fig.1) .............(6.52)

where Γ1(X,Y) to Γ12(X,Y) represent the left hand side of Equation (6.48) to
(6.51).

Γ1(X,Y) to Γ12(X,Y) are expanded as Fourier series as follows for the
solution method pursued in this paper:
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⎞
⎛ cπ X ⎞ ⎞
⎟ + bcd sin ⎜
⎟ ⎟ (d = 1, 2,...6) (for the edge of Y = b, −b)
⎠
⎝ a ⎠⎠
∞
a
⎛
⎛ cπ Y ⎞
⎛ cπ Y ⎞ ⎞
Γ d ( X , Y ) = 0 d + ∑ ⎜ acd cos ⎜
⎟ + bcd sin ⎜
⎟ ⎟ ( d = 7,8,...12) (for the edge of X = a, −a)
2 c =1 ⎝
⎝ b ⎠
⎝ b ⎠⎠
Γd ( X , Y ) =

a0 d ∞ ⎛
⎛ cπ X
+ ∑ ⎜ acd cos ⎜
2 c =1 ⎝
⎝ a

.................................................(6.53)

where coefficients a0d, acd, and bcd are Fourier coefficients for boundary condition
Гd(X, Y). Note that the number of equations can be equated to that of unknowns
24l+12 by arranging the number of truncated terms in Equation (6.53) and this is
how the analytical solution is derived in this research.
6.6 Application examples

In this section, two application examples are presented using the
developed analytical solution for skewed thick plates. They are also compared
with solutions published in the literatures and the FEM analysis result obtained
using a commercial package ANSYS. In the analysis by ANSYS, 2D 4-node
quadrilateral plate elements (SHELL181) applicable to thick plate analysis are
used for skewed plates with various skewed angles. In addition, the effect on
convergence of number of terms l and m in the fundamental and particular
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solutions is studied. In the following examples, the shear correction factor Ks is
taken as 5/6 commonly used in plate analyses (Vlachoutsis 1992, Pai 1995).

6.6.1 Simply supported isotropic skewed thick plates under
uniformly distributed load

For the concerned skewed thick plates, the following material and
geometrical properties are used: E=4000 KN/mm2, ν=0.3, a=b=100mm, and
t=40mm. The external force Q is a uniformly distributed load 10kN/mm2 applied
to the plates with skew angle α=0°, 30°, and 60°. The SS2 boundary condition in
Equation (6.50) is used for all four edges.
As a first step, the numbers of terms in the series solution m and l in
Equation (6.40) and (6.46) are determined. Also the expansion of the transverse
load Q and the boundary conditions Γd, use m and l terms respectively. To see
the trend of convergence as a function of l, Figure 6.3 shows the results of the
out-of-plane deflection w at the center of the plate with increasing number of
terms m, for four different l values. The vertical axis shows the deflection
normalized by that of l=7 and m=55, denoted as (l,m)=(7,55). As seen, the
deflection w for (l,m)=(5,55) and (7,35) differ less than 0.1% from that of
(l,m)=(7,55). It can be concluded that the solution is already convergent while
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truncated at (l,m)=(7,55) and therefore l=7 and m=55 are employed in this
example. Note that for different skew angles α=30° and 0°, similar results are
observed.

1.01

w/w of (l,m)=(7,55)

1.00

l=1
l=3
l=5
l=7

0.99

0.98

0.97

0.96

0.95

0

10

20

30

40

50

60

Number of terms of particular solution m

Figure 6.3 Effect of truncation in the proposed analytical solution for deflection at

the center of simply supported (SS2) isotropic 30 degrees skewed thick plates

under uniform loading

For comparison of present analytical solution and other numerical
solutions, Table 6.2 exhibits results of the proposed solution, Liew and Han’s
method (1997), and FEM analysis using ANSYS for the deflection w, maximum
principal moment Mx at the center of the plate (X,Y) = (0mm, 0mm). The
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deflection and moment are expressed in a dimensionless form as 100
and 10

/

/

(Liew and Han 1997), where wc and Mc are the deflection and

moment at the center of the plate, D is the bending stiffness and expressed as
/12 1

.

Table 6.2 Simply supported (SS2) skewed thick plates results

under uniform loading
α

100w D

10 M

10 M

/q a

/q a

/q a

90° Present

8.8686

2.1453

2.1453

ANSYS

8.8684

2.1454

2.1454

Liew and Han (1997)

8.8721

2.1450

2.1450

60° Present

5.8358

1.9132

1.5130

ANSYS

5.8327

1.9121

1.5122

Liew and Han (1997)

5.8319

1.9110

1.5108

30° Present

1.1717

0.8615

0.4891

ANSYS

1.1711

0.8601

0.4888

Liew and Han (1997)

1.1692

0.8567

0.4885
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Figures 6.4 to 6.7 display comparisons between the present method and
FEM analysis using ANSYS for the deflection w and strains

x,

y,

and

xy

defined in Equation (6.54), along line EF in Figure 6.1 and on the top of the plate.

⎧ ∂φx ⎫
⎪
⎪
∂x
⎪
⎪
⎧ε x ⎫
⎪ ⎪ t ⎪⎪ ∂φ y ⎪⎪
⎨ε y ⎬ = ⎨
⎬
∂y
⎪ ⎪ 2⎪
⎪
⎩ε xy ⎭
⎪ ∂φ ∂φ y ⎪
⎪ x+
⎪
∂x ⎭⎪
⎩⎪ ∂y
..................................................(6.54)

Figure 6.4 Analytical and FEM results for deflection of simply supported (SS2)

isotropic skewed thick plate bending under uniform loading
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Figure 6.5 Analytical and FEM results of x-direction strain of simply supported

(SS2) isotropic skewed thick plate bending under uniform loading
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Figure 6.6 Analytical and FEM results of y-direction strain of simply supported

(SS2) isotropic skewed thick plate bending under uniform loading

Figure 6.7 Analytical and FEM results of xy-direction shear strain of simply

supported (SS2) isotropic skewed thick plate bending under uniform loading

The results show that the analytical and the numerical solutions agree
with each other well for these isotropic thick skewed plates under the uniformly
distributed load. In Figure 6.4, the deflection w is seen to be decreasing as the
skew angleαincreases. This is apparently due to the reduction in the shortest
distance from the loading location to the nearest support. Strains

x

and

y
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displayed in Figures 6.5 and 6.6 also behave similarly due to the same reason.
However, shear strain

xy

in Figure 6.7 is due to torsion and does not change

with skew angle monotonically.
When a plate is skewed, the direction of principal stress and moment is
different from the x and y axes. This causes torsion and

xy

in the plate. This

relation is not monotonic and depends on the relative relations of the plate’s
skew angle, width/length ratio, loading position, boundary conditions, etc.

6.6.2 Orthotropic thick skewed plates with two simply supported
edges and two clamped edges under a concentrated load
Orthotropic thick skewed plates are analyzed in this example, with the
following material and geometrical properties: Ex=4000 kN/mm2 , Ey=2000
kN/mm2, Gxy=1200 kN/mm2, Gxz=1000 kN/mm2, Gyz=800 kN/mm2, νxy=0.2,
a=b=100 mm, t=20mm, where Ex and Ey are Young’s modulus along the x and y
directions, and Gxy, Gxz, and Gyz are shear modulus in the xy, xz, and yz planes.
These values determine [Dr], [Do], [Ar], and [Ao] in Equations (6.16) and (6.20).
The external transverse force is a concentrated force of 10 kN applied at (X,
Y)=(-50mm, 50mm). Plates with skew angle α=0°, 30° and 60° are analyzed
here. Edges AB and CD are simply supported (SS1) and Edges BC and DA are
clamped.
As the previous example, the number of terms include l and m in
Equations (6.40) and (6.46) need to be determined first. Figure 6.8 shows the
deflection w at the center of the plate (X,Y) = (0 mm,0 mm) for skew angle α=60°,
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as one of the cases considered, for various l and m values. It is seen that the
deflection at (l,m)=(7,75) is well converged. Therefore (l,m)=(7,75) is employed
here and also used as the reference for comparison.

1.3

w/w of (l,m)=(7,75)

1.2

l=1
l=3
l=5
l=7

1.1

1.0

0.9
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20

30

40

50

60

70

80

Number of terms of particular solution m

Figure 6.8 Convergence of the deflection at the center of CCSS
orthotropic skewed thick plates under concentrated loading.

For this example, because no previous work in the literature has been
found reporting similar experience, only FEM analysis results are employed for
comparison with our analytical solution results. Figures 6.9 to 6.12 show
comparisons of the deflection w and strains

x,

y,

and

xy

defined in Equation

(6.54) along the line HF in Figure 6.1. It is seen that the proposed analytical
solutions and the numerical solutions agree with each other very well.

121

Figure 6.9 Analytical and FEM results of Deflection of CCSS orthotropic skewed

thick plate bending under concentrated loading
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Figure 6.10 Analytical and FEM results of x-direction strain of CCSS orthotropic

skewed thick plate bending under concentrated loading

Figure 6.11 Analytical and FEM results of y-direction strain of CCSS orthotropic

skewed thick plate bending under concentrated loading
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Figure 6.12 Analytical and FEM results of xy-direction shear strain of CCSS
orthotropic skewed thick plate bending under concentrated loading

The results shown in Figures 6.9 to 6.12 indicate that the response
behavior for this case is much more complex than the previous example, due to
non-symmetric loading and boundary conditions. These response quantities are
read at Y=0mm. Due to the oblique coordinate system, the load at (X,Y)=(-50mm,
50mm) has different relative relations with the interested responses on Y=0mm,
along with different skew angles. This causes the peak responses in Figures 6.9
to 6.12 to move towards X=0mm with skew angle increasing from 0 to 60
degrees. This behavior is more pronounced in the shear strain
deflection w and the other two strains

6.7 Summary

x

and

y.

xy

than
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The governing differential equation of skewed thick plates in an oblique
coordinate system is formulated for the first time in this thesis. It allows
derivation of the analytical solution for any boundary conditions and loading
conditions. All response quantities including shear forces, moments, stresses,
strains, deflections, and rotation angles can be readily derived from the proposed
potential function ψ. The two illustrative examples show that the analytical
solutions are in good agreement with those reported in the literature and
numerical solutions by FEM.

The analytical solution presented in this chapter can also be used to
develop skewed thick plate elements for FEM application. Furthermore, it can
serve as building blocks to form more complex structural systems, such as beam
supported plates as in the next chapter.
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CHAPTER 7
ANALYTICAL SOLUTION FOR SKEWED BRIDGES

7.1 Overview
In this chapter, analytical solution for skewed bridges is developed. The
skewed bridges are derived based on the analytical solution for skewed thick
plates developed in Chapter 6. To verify the analytical solution, the distribution
factor for moment and shear is compared to that derived by three dimensional
FEA shown in Chapter 5 and is in reasonable agreement.

7.2 Analytical solution
In this section, the analytical solution for skewed bridge is sought. In the
following discussion, oblique coordinate system shown in Figure 7.1 is used.
Figure 7.1 shows an oblique coordinate system spanned by the X and Y axes,
along with the reference rectangular system by x and y, with angle YOy denoted
as α. Parallelogram ABCD represents the deck of the skewed bridges of interest.
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y

Y

B

A

2b

α

O

C

2a

x,X

D

Figure 7.1 A skewed plate in oblique coordinate system

7.2.1 Continuity
In considering two skewed plates joined together, the continuity along the
common edges is presented in this section. Along the continuous boundary
(common edges), three different cases (supporting beams, simple support, and
pin-hanger) were researched in this work. Thus, we subdivide the skewed
bridges into multiple isolated deck plates using the continuous boundary. For
illustrative purpose, one continuous boundary between two skewed deck plates
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shown in Figure 7.2 is considered here. When the edge length of plate 1 and 2
are (2a1,2b) and (2a2,2b) as shown in Figure 7.2, the continuity along line CD is
described as the following Equations (7.1) to (7.3).

D

F

2b

B

Plate 1

Plate 2
Y

A

E

C

X
2a1

2a2

Continuous Boundary

Figure 7.2 Continuous boundary between two deck plates
Supporting girders:

QX

(

X1 = a1

M XX 1

− QX

X1 = a1

∂ ( M XY

X 2 =− a2

− Eg I g

− M XX 2

X 2 = − a2

− M XY

X 2 =− a2

X 1 = a1

∂Y
wX

1 = a1

φX 1 X
φY 1 X

−wX

1 = a1

1 = a1

2

=− a2

− φX 2
− φY 2

)

∂4w
=0
∂Y 4

cos α + Eg Iω

)

− Eg I g

∂ 4φ X
∂ 2φ X
−
G
J
=0
g g
∂Y 4
∂Y 2

∂4w
=0
∂Y 4

=0

X 2 =− a2
X 2 =− a2

=0
=0

…….(7.1)
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Simple support:

w1 X = a = 0
1

w2

1

=0

X 2 =− a2

φ X 1 X = a −φ X 2

X 2 =− a2

φY 1 X = a − φY 2

X 2 =− a2

1

1

1

1

M XX 1 X = a − M XX 2
1

1

M XY 1 X = a − M XY 2
1

1

=0
=0
=0

X 2 =− a2

=0

X 2 =− a2

……………….…………..(7.2)

Pin-hanger:

w1 X = a − w2
1

1

X 2 =− a2

φY 1 X = a − φY 2
1

1

=0

X 2 =− a2

=0

M XX 1 X = a = 0
1

M XX 2

1

X 2 =− a2

=0

M XY 1 X = a − M XY 2
1

1

QX 1 X = a − Q X 2
1

1

X 2 =− a2

X 2 =− a2

=0

=0

………………………….(7.3)

Where quantities with subscript 1 and 2 are the quantities of plates 1 and
2, w is transverse deformation, ߶X and ߶Y are respectively rotation normal to the
X and Y axis, MXX is bending moment, MXY is twisting moment of X-Y coordinate
system, QX is shear force. (a1, a2) are the X coordinate of the right edge of plate
1 and 2, and (-a1, -a2) are the X coordinate of the left edge of plate 1 and 2,
respectively. Eg is the Young's modulus, Gg is shear modulus, Ig is moment of
inertia, Jg is torsion constant, and Iw is warping constant of the supporting beam.
Equations (7.1), (7.2) and (7.3) are for continuity along supporting girders, simple
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support, and pin-hanger. In Chapter 6, analytical solution for each individual deck
plate is developed, and they are integrated as continuous plates by the continuity
shown in above Equations (7.1) to (7.3). Analytical solution for the continuous
plates is sought in the next section.

7.2.2 Analytical solution for continuous plates
In this section, analytical solution for continuous plates is derived.
Equations (7.1) to (7.3) have six equations, and the left hand side of them are
expanded by Fourier series expansion as follows for the solution method pursued
in this paper:
fs ( X ,Y ) =

a0 s ∞ ⎛
⎛ rπ Y
+ ∑ ⎜ ars cos ⎜
2 r =1 ⎝
⎝ b

⎞
⎛ rπ Y
⎟ + brs sin ⎜
⎠
⎝ b

⎞⎞
⎟⎟
⎠⎠

( s = 1, 2,...,6) …..(7.4)

where fs(X, Y) is the equation to be expanded by Fourier series (i.e. left hand
side of Equations (7.1) to (7.3)), coefficients a0s, ars, and brs are Fourier
coefficients for fs(X, Y). At the same time, the boundary conditions along the
edge of the plate (i.e. AC, CE, EF, FD, DB, and BA in Figure 7.2) are also
expanded as Fourier series as shown in the companion paper. Meanwhile, there
are 24n+12 unknown coefficients per plate if the series in the homogeneous

128

solution shown in Equation (6.37) is truncated to the nth term. When the number
of plates is p, the number of unknowns becomes p(24n+12). By arranging the
number of trigonometric terms in Equations (7.4) and (6.53), the number of
equations and unknown coefficients can be equated. Therefore analytical
solution of continuous plates is obtained.

7.2.3 Supporting girder shear force, bending moment, torsional
moment, and warping moment

Supporting girder shear force, bending moment, torsional moment, and
warping moment are calculated from the deflection and twisting angle along the
girder in this section. The following differential Equation (7.5) and (7.6) are
regarding the deflection of the girder to its shear force and bending moment.

Vg
∂3w
=
3
∂Y
Eg I g

…………………………………..(7.5)

∂2w M g
=
∂Y 2 Eg I g

………………………………….(7.6)
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where Vg and Mg are shear force and bending moment of the supporting girder,
respectively. On the other hand, the following differential equation (7.7) and (7.8)
are related to the twisting angle of the girder to its torsional and warping moment.

M t = Gg J g

∂φ X
∂Y …………………….…………(7.7)

M w = − Eg I w

∂ 3φ X
∂Y 3 ……………………...………(7.8)

where Mt and Mw are torsional and warping moment, respectively. From the
value derived in this section, the respective stress and strain are derived at the
arbitrary point on the girder.

7.3 Comparison with FEA results and AASHTO LRFD specification
7.3.1 Distribution factor for moment
Generic bridges shown in Chapter 5 are analyzed by the analytical
method and the results are compared to FEA solution. Figures 7.3 to 7.8 show
comparisons of the distribution factor for moment. In addition, AASHTO LRFD
specification is also shown in the figures as reference.
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Figure 7.3 Load distribution factor for moment in interior beam of the generic
steel bridge of the span length = 120 ft, beam spacing = 6 ft.

Figure 7.4 Load distribution factor for moment in interior beam of the generic
steel bridge of the span length = 120 ft, beam spacing = 10 ft.
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Figure 7.5 Load distribution factor for moment in interior beam of the generic
steel bridge of the span length = 180 ft, beam spacing = 6 ft.

Figure 7.6 Load distribution factor for moment in interior beam of the generic
steel bridge of the span length = 180 ft, beam spacing = 10 ft.
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Figure 7.7 Load distribution factor for moment in interior beam of the generic
prestressed concrete bridge of the span length = 60 ft, beam spacing = 6 ft.

Figure 7.8 Load distribution factor for moment in interior beam of the generic
prestressed concrete bridge of the span length = 120 ft, beam spacing = 6 ft.
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For every cases, the analytical results show good coincidence with FEA
results. In addition, the trend is also similar to FEA results that the moment
distribution factor decreases as the skew angle increases.

7.3.2 Distribution factor for shear

Figures 7.9 to 7.14 show comparisons of the distribution factor for shear
between the analytical solution, and three dimensional FEA solution. In addition,
the AASHTO LRFD specification is also shown in the figures as reference.

Figure 7.9 Load distribution factor for shear in exterior beam of the generic steel
bridge of the span length = 120 ft, beam spacing = 6ft.
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Figure 7.10 Load distribution factor for shear in exterior beam of the generic steel
bridge of the span length = 120 ft, beam spacing = 10 ft.

Figure 7.11 Load distribution factor for shear in exterior beam of the generic steel
bridge of the span length = 180 ft, beam spacing = 6 ft.
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Figure 7.12 Load distribution factor for shear in exterior beam of the generic steel
bridge of the span length = 180 ft, beam spacing = 10 ft.

Figure 7.13 Load distribution factor for shear in exterior beam of the generic
prestressed concrete bridge of the span length = 60 ft, beam spacing = 6 ft.
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Figure 7.14 Load distribution factor for shear in exterior beam of the generic
prestressed concrete bridge of the span length = 120 ft, beam spacing = 6 ft.

For every end case, the analytical solution shows good coincidence with
FEA results like the results for moment distribution factor. In addition, the trend
also follows the three dimensional FEA results. Namely, for the SS end and
Fixed end model, the load distribution factor for shear increases as the skew
angle increases, whereas, for the Bearing end model, it is almost constant.
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7.4 Summary
In this chapter, the analytical solution of skewed bridges has been
developed by applying continuity to the result in Chapter 6. It has been found that
results of this research are in reasonable agreement with the three dimensional
FEA results of the generic skewed bridges. In addition, like the FEA result, the
analytical result shows some difference from the AASHTO LRFD specification.
This research gives new methodology and findings to the skewed bridge
analysis in which almost all previous researches were performed on only by
numerical and experimental analysis. Based on these results, the obtained
information and knowledge will be synthesized and organized into guidelines,
tables, graphs, etc. to facilitate design in the future study.
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CHAPTER 8
SUMMARY AND CONCLUSIONS

8.1 Research summary and conclusions
This chapter summarizes the conclusions of this study on skewed bridge
analysis. Future research on this subject is also suggested in this chapter.
Major findings and contributions of this research are summarized as
follows:
a) Field measurement was carried out for dead load and live load at the
skewed bridge (Woodruff bridge). This contributed in understanding the effect of
skew angle on the behavior of the skewed bridge. In addition, these field
measurement results were provided for the calibration of FEA, so that FEA can
be reliably applied to generic skewed bridges analysis.

b) FEA was validated and calibrated by the measurement data of the
Woodruff bridge. Then, generic bridges were analyzed by the FEA and compared
to the AASHTO LRFD specification. In the analysis, skew angle, span length,
beam spacing are variable parameters and its combination results in 18 cases.
For every case, effect of boundary condition on the bridge behavior was
investigated. It was found that the boundary condition affects the result as
follows:
1. For the simply supported bridge, AASHTO specifications describes the
skewed bridge behavior well with little over-estimation. Trend of both results are
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the same that moment effect decreases and shear effect increases as the skew
angle increases.
2. When the boundary condition of the bridge is categorized as fixed end,
like the Woodruff bridge, the specification overestimates moment and shear
effects up to three times and twice, respectively.
3. When the skewed bridge is supported by the elastic rubber bearing, it is
found that the specification presents the moment effect well. In contrast, the
shear effect is different between the FEA and the AASHTO specification. As
skew angle increases, the shear effect increases in the specification, while the
shear effect is almost constant in the FEA. This is because reaction force at the
obtuse corner is distributed to other bearings because the bearings are not stiff.
Thus, a large bearing at the obtuse corner is very conservative if it is designed as
per the specification.

c) An analytical solution for skewed bridges subjected to truck loading was
established as the summation of polynomial and trigonometric series. First, the
analytical solution for skewed thick plates is derived which does not exist in
literature. Based on it, the analytical solution were developed for the skewed
bridges which is the assemblage of the skewed thick plates and supporting
beams.
To verify the analytical solution, the distribution factor for moment and
shear were derived for the generic bridges described above and were in good
agreement with the FEA results.
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8.2 Suggestions for future research
As mentioned in Section 8.1, this study produced important findings;
however, more detailed work is desired in order to better understand the
behavior as described follows:
a) Significant temperature effect was observed when the dead load by
poured concrete was measured. To understand the temperature effect, we
measured the air temperature under the bridge, however, the air temperature
may be different from the temperature at the strain transducers because
additional heat is transferred from the fresh concrete. To measure the
temperature at the strain transducers precisely, temperature gauge should be
attached very close to the transducers and this will be the subject of future study.
b) The analytical solution for skewed thick plates under static load was
developed in this research. In addition to this, we will attempt to advance this
method to deal with dynamic load. This will serve to understand the dynamic
behavior of the skewed bridge.
Furthermore, the solution can also be used to develop skewed thick plate
elements for FEM application.
c) Finally, the behavior of skewed bridges was analyzed by the
measurement, numerical method, and analytical method. Based on these results,
the obtained information and knowledge can be synthesized and organized into
guidelines, tables, graphs, etc. to facilitate design in the future study.
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ABSTRACT
SKEWED BRIDGE BEHAVIOR: EXPERIMENTAL, NUMERICAL, AND
ANALYTICAL RESEARCH
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In the US, nearly 33.5% of highway bridges are skewed. In the past, these
skewed bridges have been analyzed as straight bridges. Nevertheless, there
exists an extensive literature indicating the mechanical behavior of skewed
bridges being quite different from their straight counterparts. In this thesis, to
better understand the behavior of skewed bridges, experimental, numerical, and
analytical researches have been conducted. The analytical method proposed
here is the first of its kind in the skewed bridge research, and is expected to aid
the bridge engineers with their design.
First, a three dimensional finite element analysis (FEA) model was
developed and was calibrated by the physical measurement results of a real
skewed bridge over M-85 and I-75 in Michigan. In this FEA model, generic
bridges with various parameters such as different diaphragm types, bearing
types, girder spacings, girder types, span lengths, and skew angles were
analyzed to study the behavior of skewed bridges. The results were compared to
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the AASHTO-LRFD Specifications and as expected it was observed that the
specifications does not cover all the aspects of a skewed bridge behavior.
In addition, analytical solutions for skewed thick plates under transverse
load and skewed bridges subjected to truck load were developed. The thick plate
solution was obtained in a framework of oblique coordinate system. The
governing equation in that system was first derived and the solution was obtained
using the deflection and rotation as derivatives of a potential function developed
here. The solution technique was applied to two illustrative application examples
and the results were compared with numerical solutions. The two approaches
yielded results in good agreement. Then, skewed beam bridges were modeled
as an assemblage of several individual skewed thick plates supported on beams.
To confirm the validity of the analysis process and the solution obtained, the
moment and shear responses to truck loads are acquired using the analytical
method and compared with that from FEA. In addition, the lateral distribution
factors for moment and shear used in routine design is investigated based on
comparison of the analytical approach and FEA.
Finally, suggestions for future research are presented, including
development of the temperature effect analysis and dynamic analysis. These
analyses will provide further understanding of the behavior of skewed bridges.
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